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§1. Introduction and preliminaries 


Number Theory is one of the oldest of mathematical disciplines. Problems are often easy 
to state, but extremely difficult to solve, which is the origin of much of their charm. People have 
always been interested in the ”purity” of the integers. Divisibility is the backbone of number 
theory, which has a close relationship with prime factorizations, therefore the values of number 
theoretic functions can often be computed by formulas based on the prime factorization. For 
example: The Euler phi function ®(n) is the number of integers m, where 1 < m < n and m 
and n are relatively prime. Sum of divisors function a(n) is the sum of all the positive divisors 


of n. 


In the 1970 ’s, Florentin Smarandache created a new function in number theory. Let S(n), 
for n € N* denote the Smarandache function, then S(n) is defined as the smallest m € Nt, 
with n | m!. The consequences of this simple definition encompass many areas of mathe- 
matics. This paper is a survey on Smarandache divisor product sequences, Smarandache sieve 
sequences, integer part sequences, LCM ratio sequences, Smarandache pseudo-odd, pseudo-even 
and pseudo-multiples sequences, simple sequences, primitive numbers, Smarandache kn-digital 
sequences. 
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§2. Smarandache divisor product sequences 


F.Smarandache introduced the function Pj(n) := []d in Problem 25]. For example, 
d\n 

Pi(1) = 1, Pa(2) = 2, Pa(3) = 3 Pa(4) = 8,--- , Pulp) = p, -+. ga(n) denotes the product of all 
proper divisors of n. That is, gq(n) = Wai ax d. For example, qa(1) = 1, qa(2) = 1, qa(3) = 
1, qa(4) = 2,--- . In problem 25 and 26 of [1], Professor F. Smarandache asked people to study 
the properties of the sequences {pa(n)} and {qa(n)}. F. Liang studied the properties of the 
sequences of {pa(n)} and {qa(n)} for & -th divisor sum function and gave two more general 
results. 

F. Liang [28] Let n = p*,p be a prime and a be a positive integer. Then for any fixed 


positive integer k, we have the inequality 
1 
ox ($ (pa(n))) 2 separ), 


1 
ox (6 (auln))) > seali(n), 
where ox(n) = Daas d® is the k -th divisor sum function. 
A similar function P,a(n) denotes the product of all square-free divisors of n, i.e., 


Pya(n) = II d. 


d|n 
u(d) #0 


Y. Han [15] We have the asymptotic formula 


S- log Psa(n) = Ara log? « + Agr log x + A3x +O («3 exp (—D(log a)> (log log x)-*) 


nN<ux 


where A;, A2,A3 are constants, D > 0 is an absolute constant. 
Let 1 <1 < q be fixed integers. Define a function Pig(n) := II 4a. 
dln 
d=I( mod q) 
X. Ma [46] For any real number x > 1, we have 


1 -—1 
S— log Paa(n) = 3g 7 oe * te 5 zlogr+cx4 O((q7!x) 2+), 


n<a 
where c is a constant which depends on q andl, y is the Euler constant, € is a fixed small 
positive constant. 
For any positive integer n > 1, the Smarandache Superior Prime Part P,(n) is defined as 
the smallest prime number greater than or equal to n. For example, the first few values of P,(n) 
are P,(1) = 2, P,(2) = 2,P,(3) = 3,74) = 5,26) = 5,P,(6) = 7,20) = 7, Pe(8) = 11 
P,(9) = 11, P,(10) = 11, P,(11) = 11, P,(12) = 13, P,(13) = 13, P,(14) = 17, P,(15) = 17 --- 
For any positive integer n > 2, define the Smarandache Inferior Prime Part p,(n) as the largest 
prime number less than or equal to n. Its first few values are p,(2) = 2 pp(3) = 3,p,(4) = 
3, Pp(5) = 5, pp(6) = 5, pp(7) = 7, Pp(8) = 7, Pp(9) = 7, Pp(10) = 7 pp(11) = 11,---. There is 
a close relationship between the Smarandache prime part and the prime distribution problem. 
Define 
In = {Pp(2) + Pp(3) +--+ + Pp(n)} /n, 
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and 


Sn, = {Pp(2) + Pp(3) +--- + Py(n)} /n. 


There are two problems in problem 10 of reference [22]: 

(A). If lim (S,, — J,,) converges or diverges. If it converges, find the limit. 
n> Co 

(B). If Jim pe converges or diverges. If it converges, find the limit. 


The problem (A) is still open. But for the problem (B), X. Yan got asymptotic properties 
of Sa, and gave a shaper asymptotic formula for it. 

X. Yan [65] For any positive integer n > 1, we have the asymptotic formula 
S. 
rm =1+0 (n-#) : 


n 


From this theorem it can be deduced that the limit S,,/I, converges as n —> oo, and 


This solved the problem B of reference [22]. 

For any positive integer n, a new additive function F'(n) is defined as F(0) = 0 and 
F(n) = aipi +o2p2 +--+ + apr for n = pips? + pee. 

S. Gou [10] Let N be a positive integer. Then for any fixed real number x > 1, we have 


2 


ya) va = te (;) 


nex w=1 ft 


where d1,--- ,dn) are computable constants and u, = a And we also have 


Fin) =D +0 (SE -), 


nex w=1 rae 


we? 


72% 2 
T. Zhang [82] For any real number x > 1, we have the asymptotic formula 


where hi,--- ,hn) are computable constants and hy = 


1 1 
re In Pa(n) = soln & + (C —l)alnax—-(C-1)a+0O (« In) , 


n<ux 


where C is the Euler constant. 


For any real number x > 1, we have the asymptotic formula 


S Inga(n) =aln’*2+(C—2)¢lnaz—(C-2)r+0O («3 nr) ; 


n<ux 


W. Zhu [84] For any real number x > 1, we have the asumptotic formula 


1 1 
S- Pa(n) =InInz+C,+0O (az): 


n<ux 
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where C; is a constant. And we also have 


s aes 2 n(x) + (InInz)? + BlnIng + C2+O (==) , 


qa(n) Ing 


n<ux 


where m(x) is the number of all primes < x, B and C2 are constants. 
H. Liu and W. Zhang gave the following results. 
H. Liu [33] For any positive integer n, we have the inequality 


> (#(Pa(n))) > 5Paln), 


where $(k) is the Euler’s function and o(k) is the divisor sum function. And we also have the 


inequality 


(8 (aa(n))) > a(n). 


M. Le gave a formulae of P,(n). 
M. Le [27] Let n=p''...p," be the factorization of n and let 


(n) 1/2(ry +1)... (7, +1) if n is not a square, 
r(n) = 
1/2((r1 +1)... (me +1) -1) tf n is a square. 


Then we have Pa(n) =n", 


§3. Smarandache sieve sequences 


The definition of Smarandache irrational root sieve is: from the set of natural numbers 
(except 0 and 1 ): take off all powers of 2*,k > 2; take off all powers of 3°,k > 2; take off 
all powers of 5",k > 2; take off all powers of 6*,k > 2; take off all powers of 7*,k > 2; take 
off all powers of 10*,k > 2,--- (take off all k -powers, k > 2). For example: 2,3,5,6,7, 10, 
11,12,13,14,15,17,18,19--- are all irrational root sieve sequence. Let A denotes the set of all 
the irrational root sieve. X. Zhang studied the mean value of the irrational root sieve sequence 
and gave an interesting asymptotic formula for it. 

X. Zhang and Y. Lou [78] Let d(n) denote the divisor function. Then for any real 


mumber x > 1, we have the asymptotic formula 


S- d(n) = (: = paviina + Ax? In? a+ Aox? Ina + A3x3 + Awv) Ina 
neA 


+(2y—1)a + AsV + Agr? +O (2+) 3 


where € denotes any fixed positive number, y is the Euler constant, A,, A2,A3 A4,A5,Ae6 are 
the computable constants. 


Let A denote the set of all numbers in the k -th power free sieve sequence. 
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J. Su [51] Let k > 2 be a fixed positive integer, A denotes the set of all power k sieve 


sequence. Then for any real x > 1, we have the asymptotic formula 


DY 1=elk)-2+0(a#), 


n<a 
neA 


where c(k) = []?-_4 (1 — 4:) is a constant, and c(2) = $. For any real number a > 1, from the 
Prime Number Theorem we know that there are at most O (;4.) primes in the interval [1, x], 
so from the theorem above one can get that there are an infinity of numbers of the power k 
sieve sequence which are not prime. Therefore, there is an infinity of numbers of the power k 
sieve sequence which are not prime. 

J. Guo and X. Zhao studied the convergent property of some infinite series involving this 
sequence and gave some interesting identities. 

J. Guo and X. Zhao [14] 1. Let k > 2 be any positive integer. For any real number 


a> 1, we have the identity: 


where ¢(s) denotes the Riemann-zeta function. Moreover, let B be the set of all numbers in the 


square free sieve seaquence C be the set of all numbers in the cubic free sieve sequence. Then 


“1 15 = 2315 
Dea OE ae 
ee neC 


2. Let k > 2 be any positive integer. For any real number a > 1, we have the identity: 


— d(n) _ ¢?(a) k (p* — 1) 
ae ape) 


neEA 


X. Pan and B. Liu [48] Let A denote the set of all elements of the irrational root sieve 


sequence. Then for any real number x > 1, we have the asymptotic formula 


2 Oe “rt +0(ot-nz). 


The odd sieve sequence is the sequence which is composed of all odd number that are not 
equal to the difference of two primes. For example: 7,11, 19,23, 25,---. Let A denote the set 
of the odd sieve numbers. W. Yao used analytic method to study the mean value properties of 
this sequence and gave two interesting asymptotic formulae. 


W. Yao [63] 1. For any positive number x > 1, we have the asymptotic formula 


2 2 


x? av av 
n= 4 2lnx -o(=-). 
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2. For any positive number x > 1, we have the asymptotic formula 


1 1.¢ 1 1 
eats InIn(x +2) + 57 A+B+O( i; 


Ing 


n<a 


nEA 


where A,B are computable constants, y is the Euler’s constant. 
R. Xie [61] Let y be Euler function. For any positive number x > 1, we have the 


ys y(n) = = +O (23+) ; 


n<x 


neEA 


asymptotic formula 


where € is any fixed positive number. 
L. Qian [50] Let o(n) denote the sum of positive factor of n: a(n) = diq, 4. Then for 


any real number x > 1 we have 


¥ aaln) = 36(a+ Nola + tet +0 (244), 


neA 


where g(a) =T][(1+(p—1)p-* + (1—p)p* ), ¢(s) is Riemann zeta- function and « is a fixed 


positive i sniier: 

Let p be a prime, e,(n) denote the largest exponent of power p which is included n. L. 
Qi studied the mean value properties of e,(n) acting on the irrational root sieve sequences and 
gave an asymptotic formula. 

L. Qi [49] Let A denote the set of all elements of the irrational root sieve sequence. For 


any real number x > 1, we have 


1 1 1 1 
T ep(n) = b40(2!). 
€p(n) pei” rat 5 (x 


nXa 
ne€A 


§4. The Inferior and Superior parts of integers sequences 


For any positive integer n, the Smarandache Superior m-th power part sequence SSMP(n) 
is defined as the smallest m -th power greater than or equal to n. The Smarandache Inferior 
m -th power part sequence SIMP(n) is defined as the largest m -th power less than or equal to 
n. For example, if m = 2, then the first few terms of SIMP(n) are: 0,1,1,1,4,4,4,4,4,9,---. 
The first few terms of SSMP(n) are 1,4,4,4,9,9,9,9,9,.16,16,---. Now we let 


Si, = (SSMP(1) + SSMP(2) + --- +SSMP(n)) /n 
I, = (SIMP(1) + SIMP(2) + --- + SIMP(n))/n 

K, = */SSMP(1) + SSMP(2) + --- + SSMP(n) 
I, = V/SIMP(1) + SIMP(2) + --- + SIMP(n). 
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Y. Wang [58] 1. Let m > 2 be an integer, then for any real number x > 1, we have the 


asymptotic formula 
xv 2m-—1 
> SSMP(n) = 5 +0(2 a ) 


n<ux 


S~ SIMP(n == 40(0™ m=), 


n<x 


and 


2. For any fixed positive integer m > 2 and any positive integer n we have the asymptotic 
formula 


Syn —In = = V) 8 | O(n-m), 
2m—1 


= =140(n-*), 


Kn 
pz =1+0(2). 


Y. Yu [74] For any positive integer n we have 


and 


lim S;, — In = 00 
n—+0o 


Let n be a positive integer, ug(n) be the largest hexagon number less than or equal to n 
and vg(n) be the smallest hexagn number less than n, a(n) and b(n) are complement numbers 
of ug(n) and vg(n) respectively. Define 


Se(m) = [a(1) + a(2) + a(3) +--+ + a(m)]/m = 4 Pawn) 
Ig(m) = [b(1) + 6(2) + B(3) +--+ + b(m)]/m = % OY", (4), 
Ke(m) = Vall) + a(2) +.a(8) +--+» +.a(m) = (Oy a(i))™ , 
Lg(m) = %V6(1) + 62) + 63) + + O(n) = (IM, Wi). 


W. Huang and Y. Ma [19] 1. For any positive integer n we have 


=140(w4), lim Fay = 


S6(n) 
Ig(n) 


2. For any positive integer n we have 


K6(n) 
L6(n) 


= Sait : Ke(n) _ ‘ _ 


3. For any positive integer n we have 


So(n) — Ig(n) = 4+ V2n-2 + O(1), 
limn—++oo (Ie(n) — S6(n)) = 4, limn++400 (Ze(n) — S6(n)) 


3|R 
lI 
= 
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Let n be a positive integer, a(n) be the smallest m factorial number greater than or 


equal to n, and b(n) be the largest m factorial number less than or equal to n. for example: 


a(4) = 3!,a(5) = 3!,a(6) = 3!,a(7) = 4!,--- . b(1) = 1!,6(2) = 2!,b(3) = 2!,b(4) = 2!,0(5) = 
2!,b(6) = 3!,--- . Define 
Sn(n) =~ dllog(a(n)), In(n) = — > oa(b(n)), 


W. Huang [20] 1. For any real number x > 1 we have 


« log «-log log log x ) 
y] 


Y log(a(n)) = logs +0 (#28 pleelee 


Tings log(b(n)) = loge +O (He Fleg ios logs) 


2. For any positive integer n we have 


-1 
Sin(n) ee, log n - log log logn Ali Sin (n) 1 
In(n) log logn 


ee 
Kn) 140 ae) tim Be) 1 im (Kp(n) —La(n)) = 0, 


Ly (n) log log n noo Ly, (n) n—¥00 
1 
Sn(n) — I,(n) = . (m?(m — 1)! log log n + O(log log m)) , lim Sn(n) — In(n) = 0. 


Define ug(n) = max{ mt) a yea m(mt 1) m € N*}, v3(n) = max{ mt) rn < 
mm) m € NT}. let u3(n) denote the partial sequence of the largest triangular numbers less 
than or equal to n and v3(n) denote the partial sequence of the smallest triangular numbers 
greater than or equal to n. 

W. Huang [21] 1. For any real number x > 1 we have 


Dae taln) = 907 +0 (x ) ; 
Sree U3(n) = ha? +O (2!) 


w 


wl 


2. For any positive number n we have 


S3(n) _ poy gic SOK) 
I3(n) aaa o( ) ae I3(n) 1, 
K3(n) =o K3(n _ 2 
Ta(n) =1+0(n ) Rays i. n) 1, lim (Ka(n) — La(n)) = 0, 


S3(n) — I3(n) = 2V2n? + O(1), 
lim 2@=S — 9/3 lim (I3(n) — $3(n))” =1. 
2 noo 
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For any positive integer n, the Smarandache Superior Square Part SP(n) is the smallest 
square greater than or equal to n, the Smarandache Inferior Square Part JP(n) is the largest 
square less than or equal to n. Define 


Sn = (SP(1) + SP(2) +--- + SP(n))/n; 
I, = (IP(1) + see -++ + IP(n))/n; 
Kn = YSP(1) + SP(2)+---SP(n); Ln = */IP(1) + IP(2) +--+ IP(n) 


M. Yang [67] 1. For any real number x > 1, we have 
S- QTP(n)) = 2elnIng + Ca +O (— ), 
na 
n<ux 


where Q is the function of the number of prime factors. 


2. For any real number x > 1, we have 
S~ Q(SP(n)) = 2anIne + Cr + O (— ) 
naz 
n<u 


where Q is the function of the number of prime factors. 


F. Li [30] 1. For any real number x > 2, we have 
X $P(n) == +0 (ce! *); Pq) * +0(x#). 
nNKx nxn 
2. For any integer n, we have 
S =140(n-4), ae 


n n—->co n 


are 


Kn 
*=1+0(n-4), lm — =1, Jim, (Ky — In) = 0. 


n—-Co 


Let m and k are two fixed positive integers with k > 2. For any positive integer n, define 
arithmetical function b(n) as the integer part of the m-th root of n. That is, bm(n) = |n |, 
where [x] denotes the greatest integer < x. For example, b2(1) = 1, b2(2) = 1, b2(3) = 1, b2(4) = 
2, bo (5) = 2, bo (6) = 2, bo (7) = 2, bo(8) = 2,b2(9) = 3,---. Let Az denote the set of all & -th 
power free numbers. Z. Li used the elementary methods to study the mean value properties of 
bm(n) over the set Ax. 

Z. Li [37] 1. Let m and k are two fixed positive integers with k > 2. Then for any real 
number x > 1, we have the asymptotic formula 


1 m m+ 1 
S- bm(n) = Ci mei m + O(2), 


where C(k) is the Riemann zeta-function. 


2. For any real number x > 1, we have the asymptotic formula 


9 4 
d, bt bo(n) = aa +O(«x) and 2 b3(n) = at? + O(z). 
n€Ag n€Ag 
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3. For any real number x > 1, we have the asymptotic formula 


ye ba(n y= Sat + O(e ) and > bs(n 


nsx nsx 


néA4 néA4 


Prt +O(a ). 


Let n is a positive integer. It is clear that there exists an integer k such that 
k™ <n<(k+1)™ 


Define b,,(n) = k™. That is, b,,(n) is the largest m -th power not exceeding n. In problems 
40 and 41 of reference [1], Professor F.Smarandache asked people to study the properties of 
the sequences {b2(n)} and {b3(n)}. D. Liu and J. Li studied the convergent properties of the 
Dirichlet series f(s) = )77~, ay: 

D. Liu and J. Li [39] Let m be a fixed positive integer. Then for any real number s > 1, 
the Dirichlet series f(s) is convergent and f(s) = C1,¢(ms —m+1)+C?,¢(ms —m+2)+-+-+ 
Cc™-l¢(ms — 1) +¢(ms) where C”, = 

Taking m = 2 and s = 3/2 or m= s = 2 in the above theorem, then 


aa and ¢(s) is the Riemann zeta-function. 


oS 1 nr a4 
d = 2¢( —, 

3 bos(n) 3 ee D AG 6(3) + 9 

Taking m = 3 and s = 2 or m = 2 and s = 3 in the above theorem, then 


> 


For any positive integer n, the inferior factorial part denoted by a(n) is the largest factorial 
less than or equal to n. It is the sequence: 1, 2, 2,2, 2,6, 6,6, 6,6,6,6,6,6,---, On the other 
hand, the superior factorial part denoted by b(n) is the smallest factorial greater than or equal 
to n. It is the sequence as follows: 1, 2,6, 6, 6,6, 24, 24, 24, 24, 24, 24,24, 24.-- . J,Li studied two 
infinite series involving a(n) and b(n) as follows: 


ee = il =e. hal 
T= aw 8 Lee 


and gave some sufficient conditions of the convergent property of them. 


no nm = 1 T 
sx + 8¢(5) + —= and ay = 2¢(5) + —— 
5 + 86(8) + ogg 8 rc ¢(5) + 


J. Li [37] Let a be any positive real number. Then the infinite series I and S are 
convergent if a > 1, divergent ifa < 1. Especially, when a = 2, we have the following 
Corollary. We have the identity 


= il, 
se a2(n) es 


n=1 


X. Zhang [81] Let « >1, Then we have the asymptotic formula 


1 In? x In? ¢InInIng 
Seg ee ) 
a(n)  2(nInz)? (In In x)3 


10 
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For any positive integer n, inferior prime part function p,(n) is defined as the largest 
prime number less than or equal to n, and Superior prime part function P,,(n) is denoted as 
the smallest prime number greater than or equal to n. Y. Lou studied the mean value of p,(n) 
and P,(n), and gave two sharp asymptotic formulae. 

Y. Lou [44] 1. For any real number x > 1, we have 


2 


do Pel) = T +O (2+) ' 


nN<u 


where € is any fired positive number. 


2. For any real number x > 1, we have 


Let n,k > 1 are two positive integers. m > O is another fixed integer. The general 
[(n—=m)/k] 
Smarandache Sum mands function S(n,m,k) is defined by S(n,m,k)= SYS (n—ki). 
i=0 
F. Li [29] Letk >1,m > 0 be fixed integers. Then for any integer x > 1 we have 


1 3 3 6«1\ 1 3 2& mm? 
= k 
S- S(n,m, k) sEe ot (= i) x € Ao Got OP ae op c+ R(x,k), 


i<au 


where |R(x,k)| < 3k? + $km. 
Let n > 2 be a positive integer, a(n) denote the integral part of the k -th root sequence. 


In paper [2], Jozsef Sandor defined the following analogue of the Smarandache function: 
Si(z) =min{me N: a <ml},a € (1,00), 


which is defined on a subset of real numbers. W. Yao studied the mean value properties of 
the additive analogue Smarandache function acting on the floor of the & -th root sequence, and 
obtained two interesting asymptotic formulae. 

W. Yao [63] 1. For any real number x > 2 and integer k > 2, we have the asymptotic 


formula 


vlogx x(log x) (log log log vt) 
X Si(a(n)) = r Ss 
n<a k log log x* (log log vt) 


2. For any real number x > 2, we have the estimate 


log? x log log log x 
d = 14 ; 
ys (n)5i(n) log log x ( e ( log log x 


n<u 


where d(n) be the divisor function. 
Define Q(n) and w(n) as O(n) = a1 +ag+...+a,,w(n) =71, if n = pips? ---per be the 
factorization of n into prime powers. 
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M. Yang and H. Li [66] For any real number x > 1, we have the asymptotic formula 


Vn<e¥(a(n)) =2ming + (A-Ink)z +O 
pare O(a(n)) = a@lning + (B-Ink)a +O (55) 


where 


are two constants. Taking k = 3 on the above, one can immediately obtain that 


in<e ¥(a(n)) =alnIng+(A-—In3)e4+O ( =) 
ane QO(a(n)) = e«lning + (B—In3)a+O (5) } 


X. He and J. Guo [16] 1. Let n be a positive integer, and a(n) = [/n], then 


S~ a(n) = Siva] = a +52+0(x4). 


3 
n<ax na 


2. Let n be a positive integer, and a(n) = [3] , then 
d. a(n) = a. [rn] = 23 + <2+ rac +O (x?) 


3.Let n be a positive integer, and a(n) = [n 


aR 
us 
= 
2 
is) 
3 


n<a n<a 
4. Let n be a positive integer, and b(n) = (a(n))? = [Yn]?, then 


So o(n) = Sovak? = <2? + 228 + 0(2). 
2 3 


n<a na 


X. He and J. Guo [17] 1. Let n be a positive integer,and a(n) = [./n],d(n) be divisor 
function, then 


X dla(n)) = S al(v) = Frloge + (20- 5) 2+0 (x2) 


Where c is Euler’s constant. 


2. Let n be a positive integer, and a(n) = [3] ,d(n) be divisor function, then 


S° d(a(n)) = > ¢([n3]) = pr logr + (20- 5) «+0 (2*) , 


n<a n<ax 


Where c is Euler’s constant. 
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3. Let n be a positive integer, and a(n) = [nt | ,d(n) be divisor function, then 


S- d(a(n)) = S- d([n*]) = Zr log. + O(a). 


n<a nx 


W. Yao [68] Let n be a positive integer, and a(n) = [ne |. For any real number x > 1 
we have 


BC+) 5 E* +O (2) if a > 0; 


ul ¢ 
a be loga + O(c) fon: 
2 eala(n)) — C(2)a +40 tS fe = Se 


((1-a)x +0 (a2) ifa<0anda#-l. 


where oo(n) = dian a@* be the divisor function, C(n) be the Riemann Zeta function, B = 
max{1l,a},d = max{0,1+a} and e > 0 be an arbitrary real number. 
X. He and J. Guo [17] 1. Let n be a positive integer, and a(n) = [/n], p(n) be Euler 


totient function, then 


X elaln)) =F vllva)) = Se! + O(wlogs). 


n<a na 


2. Let n be a positive integer,and a(n) = [3] , y(n) be Euler totient function, then 


ye pla(n)) = y ~ ({n#]) = att + O(a log x). 


nN<ux n<ux 


a 
k 


3. Let n be a positive integer, and a(n) = [n ,y(n) be Euler totient function, then 
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4. Let n,k be positive integers, a(n) = [n3] , then we have 


S- a(n)? = ah al +0 (x) . 


k<au 


6. Let n,k be positive integers, a(n) = [nt | , we have 


ka 


For any fixed positive integer k > 1 and any positive integer n, let ax(n) and by(n) denote 
the inferior and superior k -power part of n respectively. That is, a,(n) denotes the largest k 
power less than or equal to n, and b,(n) denotes the smallest & -power greater than or equal to n 
For example, let k = 2, then a9(1) = a9(2) = ao(3) = 1, a2(4) = a2(5) = ag(6) = ao(7) =4..., 
bo(1) = 1, b2(2) = bo(3) = b2(4) = 4, b2(5) = b2(6) = b2(7) = b2(8) = 8,--- 

F. Li [31] 1. For any compler number s with Res > 2, we have 


> BAG) 3 Cic(ks — i)¢(ks —k-4) ]] E + “tte PAE) 
n=1 ( ig i=0 : ! e . 


s 
ax(n)) : 
where ¢(s) denotes the Rieman zeta-function, and a(n) denotes the Dirichlet divisor function. 
2. For any complex number s with Res > 2, we have 


oo k-1 
oe = (SI Ch clhs = HC (ks —k ~i) TI f +p! (ks— eS P -|. 


i=0 D —?p 


3. For any complex number s with Res > 2, we have 


Sp (ar(n)) ay C(ks—k—4) 
De aut ees 


where y(n) denotes the Euler function. 
4. For any complex number s with Res > 2, we have 


X. Du [4] Let am(n) = |nm|. Let m be a fired positive integer. Then for any real number 
g 


s > 1, the Dirichlet series f(s) = ~~, a is convergent and 
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where ¢(s) is the Riemann zeta-function. 


Taking s = 2 and s = 3 in the Theorem respectively, then we have the identities 
ee 
n=1 ain ( 


Let n be a positive integer. It is clear that there exists one and only one integer k such 
that 


poe Lag 7a 


k™ <n<(k+1)™. 


Define b(n) = k™. 
X. Du [4] Let m be a fixed positive integer. Then for any real number s > 4, the Dirichlet 


series gm(s) = >>, —s is convergent and 


3 a) = (sm 1) C(ms). 


For any positive integer s and m > 2, we have 


For any positive integer m, let a(m) denotes the integer part of the k -th root of m. That 
is, a(m) = [m1/ Pl T. Zhang studied the asymptotic properties of 


o—a(f(a(m))), 


where 0 < a <1 be a fixed real number, o_a(n) = dyin x. f(x) be a polynomial with integer 
coefficients. 
T. Zhang and Y. Ma [83] Let0<a< 1 be a fixed real number, f(x) be a polynomial 


with integer coefficients. Then for any real number x > 1, we have the asymptotic formula 


S- o-a(f(a(m))) = Cr(a)x + O eo) ) 


m<u 
where 


oaln= So, Cra)=SOP(aat*, P= 
d=1 


f(n)=0( mod d),0<n<d 


and € denotes any fixed positive number. 
H. Yang and R. Fu [69] Let s,(n) denote the integer part of k -th root of n. For any 
real number x > 1, we have the asymptotic formula 


S 5X4 sx(n)) =alnInz+ (A-logk)x 4 o(=), 


where Q(n) denotes the total number of prime divisors of n, A is a constant. 
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R. Fu and H. Yang [7] 1. For any real number x > 1 and any fixed positive integer 


k > 1, we have the asymptotic formula 
S-  (sx(m)) =—2r+0 
n<ax sx(n) A 


where € is any real number. 
2. For any real number x > 1 and any fixed positive integer k > 1, we have the asymptotic 


formula 
Pe OMS) 8 yO (uP too 
Lee eae 


n<ax 


= co y?(n) co p?(n) log n 
where A= Y Sone ny(n) er ny(n) * 
H. Yang and R. Fu [69] Let m be a fixed positive integer and y(n) be the Euler totient 


function, then for any real number x > 1, we have the asymptotic formula 
Yel (se(n),m)) = hm) + (+ Ih(m) + O (at 2+") 


n<ux 
where (s%(n),m) denotes the greatest common divisor of s(n) andm, h(m) = ete) THpe|m (1 +a— a-1) : 
and € is any positive number. 
For any positive integer n, let m,(n) = [ne]. 
N. Gao [9] m is any fixed positive integer, a is a real number. For any real number 


x > 1, we have the asymptotic formula 


To ((m4{n),m)) = CR Vera), 4 @ (a'-ae+*), 


n<u 


where Jo(N) = iain d*,€ is any fixed positive number. 
For any positive integer n, let S'g(n) denotes the smallest square greater than or equal to 
7 


n. For example, Sg(1) = 1,59(2) = 4,59(3) = 4,59(4) = 4 Sg(5) = 9, S9(6) = 9, S9(7) = 
9,--- ,Sg(9) = 9, Sg(10) = 16--- Let Sk(n) denote the smallest power k greater than or equal 


to n, and Gk(n) = Sk(n) — n. 
L. Ding [1] Let x >1, we have the asymptotic formula 


2k-1 2k-—2 
Ee +O(a® }. 


k? 
D_ Gk(n) = 2(2k — 1)” 


n<ux 


From this theorem. When k = 2,3, it follows that 


2 
S > (Sg(n) —n)= 5t + O(a). 
nN<u 
Let x > 1 and S.(n) denotes the smallest cube greater than or equal to n, then 
9 os 4 
S-(Se(n) —n)= 0”: +O («*) : 
n<ux 
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For a fixed positive integer k > 1, and any positive integer n, let a(n) denote the largest 
k-th power less than or equal to n, b(n) denote the smallest k -th power greater than or equal 
to n. 

H. Zhang [78] 1. For any real number x > 1, we have 


k-1 

1 

ae? ~ kd (a2) Again’ e+ Ayeln'! +--+ Ag ielne + Age +0 (2! *+*) 
TT 


nN<u 
where AgAn,--: Ap are constants, especially when k equals to 2, Ag = 1;d(n) denotes the Dirich- 
let divisor function, € is any fixed positive number. 


2. For any real number x > 1, we have the asymptotic formula 


k-1 
YE d(b(n ~ Rel a (ws) Again’ e+ Ayeintte++-++ Ag yelne + Age tO (att) ; 
1 


nN<ux 


§5. LCM ratio sequences 


Let (a1, 22,...,@4) and [x1,x2,...,24] denote the greatest common divisor and the least 
common multiple of any positive integers 71, 72,...,24 respectively. Let r be a positive integer 
with r > 1. For any positive integer n, let 
In,nt1,...,n+r— 1] 


ce (,2,...57] 


then the sequences SER(r) = T(r, 1) is called the F.Samarandache LC'M ratio sequences of 
degree r. M. Le [26] proved that 


T(3,n) = ann + 1)(n+ 2), ifn is odd 
pn(n + 1)(n+ 2), ifn is even 

T(4,n) = d-n(n + 1)(n + 2)(n +3), if n # 0(mod3) 
A n(n + L)(n + 2)(n +3), ifn = 0(mod3) 


Furthermore, ae Ting [57] computing the value of T(5,n): 
0" n(n + 1)(n + 2)(n + 3)(n +4), if n = 0, 8(mod12) 


aap n(n + 1)(n + 2)(n + 3)(n +4), ifn = 1,7(mod12) 
T(5.n) a9 (mn + 1)(n + 2)(n + 3)(n +4), if n = 2,6(mod12) 
a n(n +1)(n+2)(n+3)(n +4), if n =3,5,9,11(mod12), 
a0” n(n + 1)(n + 2)(n + 3)(n +4), if n = 4(mod12) 
aig (nr + 1)(n + 2)(n + 3)(n +4), if n = 10(mod12) 


R. Ma studied the recurrence relations between T(r + 1,n) and T(r,n), and got three 
recurrence formulas for it. 

R. Ma [46] 1. For any natural number n and r, we have the recurrence formula: 
n+r (f1,2,...,7],r +1) 
r+1 ([n,n+1,....n4+r—l1],n+r) 


T(r+1,n) = 
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Especially, if both r+1 andn+r are primes, then we can get a simple formula 


T(r+1,n)= — -T(r,n). 


2. For each natural number n and r, we also have another recurrence formula: 


ome (n, [n+1,...,n+17]) 
—  n ([nnt1,....n+r—1],n+r) 


T(r,n). 


Especially, if bothn andn-+r are primes with r <n, then we can also get a simple formula 


Tons 


-T(r,n). 
If both n andn+r are primes with r >n, then we have 
T(r,n+1)=(n+r)-T(r,n). 


3. For each natural number n and r, we have 


n+ron+r+1 ([1,2,...,r],r+1) 

no rl ‘(n+1,....n+r],n4+r41) 
(n, [n+1,...,2+17]) 

‘(Inn+1,....n+r—I1],n+r) 


T(r+1,n+1)= 


-T(r,n). 


T. Wang [56] 1. Ifn = 0,15 mod 20, then 


1 
=> nm 
7200 
If n = 1,2, 6,9, 13, 14,17, 18 mod 20, then 


SLR(6) (n+ 1)(n+ 2)(n+3)(n+4)(n +5). 


Srey Has One DGS) 


= n 
720 
If n = 5,10 mod 20, then 

1 

SLR(6) = 36007" + 1)(n + 2)(n+ 3)(n + 4)(n + 5). 
If n = 3,4,7,8, 11, 12, 16, 19 mod 20, then 

1 

SLR(6) = T4091" + 1)(n + 2)(n + 3)(n + 4)(n + 5). 


2. For any positive integer n, we have the following If n = 0, 24, 30,54 mod 60 , then 


SLR(7) n+1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


~ 302400” 
If n = 1,13, 17,37, 41,53 mod 60, then 


1 
SLR(7) = 5040” +1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 
If n = 2,8, 16, 22, 26, 28, 32, 38, 46, 52, 56,58 mod 60, then 
1 
SLR(7) = 50160 7" + 1)(n + 2)(n + 3)(n + 4)(n + 5)(n 4 6). 
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If n = 8, 27,51 mod 60, then 


1 
— n 
30240 


If n = 4, 10, 14, 20, 34, 40, 44,50 mod 60, then 


SLR(7) 


(n+ 1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


1 
SLR(7) = Too g99" 


If n = 5,25, 29,49 mod 60 , then 


SLR(7) (n+ 1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


1 
=n 
25200 
If n = 6,12, 18, 36, 42,48 mod 60, then 


SLR(7) (n+ 1)(n+ 2)(n + 3)(n+ 4)(n + 5)(n + 6). 


il 
~ 60480" 
If n = 7,11, 23, 31, 43, 47 mod 60, then 


1 
— n 
10080 


If n = 9,45 mod 60, then 


SLR(7) (n+ 1)(n+ 2)(n + 3)(n+ 4)(n + 5)(n + 6). 


ae 
~ 75600” 


If n = 15,39 mod 60 , then 


SLR(7) (n+ 1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


SLR(7) 


2. th 
~ 151200 
If n = 19,55,59,35 mod 60 , then 


SLR(7) n(n + 1)(n + 2)(n + 3)(n + 4)(n + 5)(n 4+ 6). 


ail 
~ 50400 
If n = 21, 33,57 mod 60, then 


aid 
~ 15120” 


SLR(7) (n+ 1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


The Smarandache LCM ratio function of the second typeis defined as: 


[n,n—1,n—2,...,.n-r4+]] 


ea (eee 


sr<njn,reN. 


n+ 1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


n(n +1)(n + 2)(n + 3)(n + 4)(n + 5)(n + 6). 


A. A. K. Majumdar [24] 1. For anyn > 1,SL(n,1) =n. For any n > 2, SL(n, 2) = 


n(n—1) 
Poy 3 
2. For any n => 3, 


n(n—1)(n—2) . 
SL(n,3) = | —~———— if n is odd , 


n(n—1)(n—2) . 
53 ——_ if n is even. 
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3. For any n> 4, 


n(n—1)(n—2)(n—3) , ne 
SL(n,4) = “a «if 3 divides n, 


see if 3 does not divide n. 


4. For any n= 5, 


it neviorsine) ifn =12m,12m+4+ 4 
mn (M=2)M—3)M—4) Ff = 12m +1, 12M +3, 12m +7, 12M49 
ee eae ee a 
SL(n,5) = ee ee ene 
360 ifn = 2m +5, 12m + 11 
Cre Gea! ifn = 12m+6,12m +10 
nn=1) (n= 2 ese) ifn =12m+4+8 


S. M. Khairnar, A. W.Vyawahare and J. N. Salunke [23] 
SL(n,r) — SL(n—1,r) =SL(n-1,r-1),r<n, 


SL(n,jr +1) n-r 


SL(n,r) — or+1’ 


1 a n+1 
SL(n,r) | Slur tl) @+1)-Sin,r 2D’ 
n?-(n—1)?+(n—2)?-(n—3)?--++-- (n—r+1)?-@ar) 


SL(n,7)-SL(n,r +1) = 


r!-(r+1)! 


X. Pan [48] For any fixed positive integer n, we have 


a aa, i —c(Inn)*s 
EE +o » (=etear), 


where c is a positive constant and exp(y) = e”. 
Y. Li [38] For any fixed positive integer n, we have 


pop n(n + 1)(n+ 2)(n+3)(n+4) nF 0(mod2),n ¥ 0(mod3), n ¥ 0(mod4), n + 1 F 0(mod3) 
n(n + 1)(n+ 2)(n+3)(n+4) n= 0(mod2),n ¥ 0(mod3),n ¥ 0(mod4),n + 1 ¥ 0(mod3) 
sf n = 0(mod2),n ¥ 0(mod2) 
n # 0(mod2),n ¥ 0(mod3), n ¥ 0(mod4), n + 1 ¥ 0(mod3) 

n(n + 1)(n+ 2)(n + 3)(n + 4), n ¥ 0(mod3), n = 0(mod4), n + 1 ¥ 0(mod3) 
n = 0(mod2), n ¥ 0(mod3), n ¥ 0(mod4), n + 1 = 0(mod3) 
n = 0(mod2), n = 0(mod3), n ¥ 0(mod4) 

n = 0(mod3), n = 0(mod4) 

n # 0(mod3),n + 1 = 0(mod3), n = 0(mod4) 


n(n + 1)(n+ 2)(n+ 3)(n4 


T(5,n) = 


(n + 1)(n + 2)(n + 3)(n + 4) 


sug (n + 1)(n + 2)(n + 3)(n + 4) 
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86. Smarandache pseudo-odd, pseudo-even and pseudo- 


multiples sequences 


A number is called pseudo-even number if some permutation of its digits is an even number, 
including the identity permutation. For example: 0,2,4,6,8, 10,12,14,16,18,20,21,--- are 
pseudo-even numbers. Let A denote the set of all the pseudo-even numbers. Similarly, we 
can define the pseudo-odd number. That is, a number is called pseudo-odd number if some 
permutation of its digits is an odd number, such as 1,3,5,7,9,10,11,12,18,--- are pseudo-odd 
numbers. Let B denote the set of all the pseudo-odd numbers. 

X. Zhang and Y. Lou [80] 1. For any real number x > 1, we have the asymptotic 


Ef) = Hn) +0 (eT). 


néA n<ax 
nX<x = 


where M = maxjencx{|f(n)|}. 


2. For any real number x > 1, we have 


D fle) =F Fn) +0 (Mat) , 


n€B ar 
n<a = 


formula 


Y. Lou [43] 1. For any real number x > 1, we have the asymptotic formula 


Ind 
neA 
n<ex 


2. For any real number x > 1, we have the asymptotic formula 


In5 
l = 1) = —— 1 1). 
n(x », ) in 10 nz+O(1) 


n<x 
X. Liu and J. Guo [41] 1. For any real number x > 1, we have the asymptotic formula 


y = Ser odine, 


n€B 
n<a 


where p(x) is Euler function. 


2. For any real number x > 1, we have the asymptotic formula 


y d(n) = a(n z)* + ax(Inz)? +bzInez+clnz+ O(ami0t*), 


n€B 
n<x 


where d(x) is the Dirichlet divisor function and a,b,c are constants. 

A number is called the second Smarandache pseudo-odd number if it is an even number, and 
some permutation of its digits is an odd number. For example: 10, 12,14, 16, 18, 30, 32, 34, 36, 
38, 50,52,--- are the second Smarandache pseudo-odd numbers. Let A denote the set of all 
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the second Smarandache pseudo-odd numbers. Similarly, we can define the second Smaran- 
dache pseudo-even number. That is, a number is called the second Smarandache pseudo-even 
number if it is an odd number, and some permutation of its digits is an even number, such as 
21, 23, 25, 27, 29,41, 43, 45, 47, 49,--- are the second Smarandache pseudo-even numbers. Let B 
denote the set of all the second Smarandache pseudo-even numbers. Y. Liu studied the mean 
value properties of these two sequences. 


Y. Liu [42] 1. For any real number x > 1, we have the asymptotic formulae 
) 1=50+0 (xi) and ) 1=52+0(cth), 
2 2 
hes nee 


2. For any real number x > 1, let d(n) denote the Dirichlet divisor function. then we have 


the asymptotic formulae 


3 3 In2 8 n5 
S d(n) = qeine+ & 5 3) x+O (xitb+e) 


ne€A 
n<z 


and 
1 1 In2 1 i 
) d(n) = 7elnz { (57 { 5 7) eto (xii), 


n€B 
n<a 


where y is the Euler constant, € is any fixed positive integer. 

A positive integer is called pseudo-multiple of 5 if some permutation of its digits is a 
multiple of 5. Let C denote the set of pseudo-multiple of 5 numbers. 

X. Wang and J. Guo [54] For any real number x > 1, we have the asymptotic formula 


where y(n) is Euler function. 


Y. Lou [43] For any real number x > 1, we have the asymptotic formula 


X. Wang [56] For any real number x > 1, we have the asymptotic formula 


Y Flr) =O f(r) +0 (Mah), 


nec n<a 
n<a cs 


where M = maxi<n<x{|f(n)|}. Taking f(n) = d(n),Q(n) as the Dirichlet divisor function and 
the function of the number of prime factors respectively, then we have the following: For any 


real number x > 1, we have 


S> d(n) =xlne + (27- Nx +0 (ai +e), 


nec 
n<o 
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where y is the Euler constant, € is any fixed positive number. And 


S> Qn) =xinne + Br +0 (— =), 


nec 


nox 


where B is a computable constant. 
C. Wu and Q. Yuan [55] 1. Let A denote the set of pseudo-multiple of 10 numbers. 


For any real number x > 1, we have 


nes = =Intt+7- ge in 10 
yineB a = 1p De tae ae 


where C’,D are constants. 


2. Let A denote the set of pseudo-multiple of 10 numbers. For any real number x > 1, we 


D flr) = SF f(r) +0 (Ma) , 


nEA nXKa 


have 


where M = max{|f(n)|}. 

For any real number x > 1, let [a] denote the aN in base 10 of the integer part of 
x: [xz] = am10™ + a@m—110™-1 +--+ +a,10 + ao, where 0 < a; < 9(i = 0,1,--- ,m) are positive 
integer and a, 4 0. Let k = ee :a; =0,i=0,1,--- ae 

C. Wu and Q. Yuan [55] 1. For the pseudo-multiple of 10 numbers, we have 
(1) [ff0<k<m, we have dines 1 = [x] — 2 (9" — 1) — Deeg (@ — 19% 
(2) If k does not exist, we have neal = [x] — 3 (9" — 1) — 2p (ai — 1) 9° - 1. 

2. For the second pseudo-multiple of 10 numbers, we have 
(1) [f0<k<m and ap = 0, then 


So 1= [e]-50"-1)- SO (a -1)9- So ajo? -1 
neB i=k+1 t=1 
nX<« 
If0<k<m and ap £0, then 
So 1=[2]-5(9"-1)- >> (a, -1)9*- 55 alo? 
neB i=k+1 w=1 


(2) Ifk does not exist, we have dines 1 = [z]—3 (9" —1)—S72y (ai — 1) 9° -— OZ, a: 10*F-1. 
N. Wu [59] Let A be a set of Smarandache pseudo-even number. 
(1) ff0<k<™m, then 


So 1=[e] = (e" 1) ETE 


nee i 
5 m . ay t m— . t— ao 
Y= bl <o on alee 5 x 10 ee Pe 
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(2) If k does not exist , we have 


5 in = Ay 4 
Y= bl + (5"—1) Bilal if 
n&<x a 
b= (3) 2 (5 — 1) [a b= 5K LO 5 7 GTi So 
n€B 4 1=0 2 i=0 2 


n<a 


Let A(n) denote the sum of all the digits of the base 10 digits of n. That is, 


k 
A(n) = ee 


ifn= ap 10* + ap—110*—! +-+-+a,10+ ao. 
Z. Li [35] 1. For any integer number x > 1, we have the asymptotic formula 


So A™(n) =2 (5 log) + O (x(logx)”~") . 


nec 
n<a 


2. Let B denote the set of all Smarandache Pseudo-even numbers. For any integer number 


x >1, we have the asymptotic formula 


S > A™(n) =2 (5 log +) +O (a#(logx)™~1) . 


n€B 
n<a 


3. Let C denote the set of all Smarandache Pseudo-odd numbers. For any integer number 


x >1, we have the asymptotic formula 


9 m 
ys A™(n) =2 (5 log) + O(x(logx)”~'). 
nec 
n<a 

A positive integer is called the second class pseudo-multiple of 5 if it is not a multiple of 
5, but its some permutation of its digits is a multiple of 5. For convenience, let B denote the 
set of all second class pseudo-multiple of 5 sequences. 

N. Gao [9] For any real number x > 1, we have the asymptotic formula 


1 Ind n 


where d(n) is the Dirichlet divisor function, y is the Euler constant, and « denotes any fixed 
positive number. 
X. Wang and J. Guo [54] For any real number x > 1, we have the asymptotic formula 


p(n) — 144Ina 
n2 Br? 


+O(1), 


neB 


where y(n) is the Euler function. 
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J. Li [36] 1. For any real number x > 1, we have the asymptotic formula 


1 4 4 l "i 
S- =—=lInz4 — nS c+ O(a10—1), 
n 


where c is a constant. 
2. Let A denote the set of all the second Smarandache Pseudo-even numbers. For any real 
number x > 1, we have the asymptotic formula 


1 1 In2 
S- eee ae eal O@- 4), 
n 2 2 


where c is a constant. 
3. Let D denote the set of all the second Smarandache Pseudo-odd numbers. For any real 


number x > 1, we have the asymptotic formula 


=, y+In2 _in2 
et gmet 5 c+ O(a ), 


where c is a constant. 


§7. Simple sequences 


A number n is called simple number if the product of its proper divisors is less than or 
equal to n. For example: 2,3, 4,5,6,7,8,9, 10,11, 13,14, 15, 17,19, 21,---. In problem 23 of [1], 
Professor F.Smarandach asked us to study the properties of the sequence of the simple numbers. 
Let A is a set of simple numbers, that is, A = {2,3,4,5,6,7,8,9, 10, 11,13, 14, 15,17, 19, 21,---}. 
In this paper, we use the elementary methods to study the properties of this sequence, and give 
several interesting asymptotic formulae. That is, we shall prove the following: 

H. Liu and Wenpeng Zhang [32] 1. For any positive number x > 1, we have the 


asymptotic formula 


Ina 


1 In] 
S- — =(Inlnz)? + Bj InInzg + By +O ( = =*), 
n 


neA 
nX<o 


where B,, Bz are the constants. 


2. For any positive number x > 1, we have the asymptotic formula 


So = (nina)? +Cyninz +, +0 see 4 
< o(n) Ing 


n<x 


where C, Cy are the constants, b(n) is Euler function. 


3. For any positive number x > 1, we have the asymptotic formula 


1 Inl 
S- —~ = (InInz)? + Di; nnz + D2 +O ( = =) , 
or Ing 


25 


26 Y. Qi No. 1 


where D,, Dz are the constants, a(n) is divisor function. 
For n > 1, let n = p}'p$?---p¢* denote the factorization of n into prime powers. If one 
of the divisor d of n satisfying r(d) < 4 (where r(n) denotes the numbers of all divisors of n ), 


then we call d as a simple number divisor. Define 


Tep(0) = o 1, 
7 


which we called the simple function. 
Q. Yang a For any real number x > 1, we have the asymptotic formula 


1 b+A log | 
Sy ttn) «(log log a)? + 3 (4 + Ia log log x ( 5 +B4 c)a o(: eee) 


n<ux 

where a and b are ha computable une A=7+)0,(log(1 — 1/p) + 1/p),7 ts the Euler 
constant, B= >), = and C= ey 3: 

Let A denote ie set of all the simple numbers. Generally speaking, n has the form: n = 

p, or p*, or p®, or pg, where p and q are distinct primes. In [2], Jason Earls defined sop fr(n) 

as a new Smarandache sequence as following: Let sopfr(n) denote the sum of primes dividing 


n (with repetition). That is, 
sopf r( 2 Dp. 


For example: 
n 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 #18 


sopfr(n) 0 2 3 4 5 5 7 66 7 11 7 «+13 9 8 8 17 8 
X. Zhang and M. Yang [78] For any real number x > 1, we have 


x? x? x? 


neA In" « 


where A;, Ao are computable constants. 

Let S,(x) = min{m € Nt : p*® < m!!} and S3(x) = min{m € Nt : m!! < p*} where 
m!l!=2x4x---x mifm is an even and m!! =1x3x---x mifm is an odd. Then 5,(x) and 
S%(x) are called the additive analogue of Smarandache simple function. 

M. Zhu [85] 1. For any real number x > 1, we have 


S- d(S,(n)) = 2a(Inaz — 2InInx) + O(aInp). 


2. For any real number x > 1, we have 


S- d(S5(n)) = 2x(Inxz — 2InInz) + O(a Inp). 


n<ux 
Let Sdf(n) = min{m € Nt: n| m!!} and ag(n) = [n*]. 


M. Zhu [86] For any real number x > 1, we have 


ried ae vk 
S > Sdf(ax(n a io] cannes 


n<u 
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88. The primitive numbers 


Let p be a prime, n be any positive integer, S,(n) denotes the smallest integer such that 
S,(n)! is divisible by p”. For example, $3(1) = 3, $3(2) = 6, $3(3) = 9, 53(4) =9,---. 
Y. Yi and F. Liang [72] For any real number x > 2, let p be a prime and n be any 


positive integer. Then we have the asymptotic formula 

1 1 Ing 
YS 5155 (ana) — Sp (am) =28- (1-5) 40, (FZ), 
nee Pp Pp np 


where Ox denotes the O -constant depending only on parameter k. 
L. Ding [3] 1. Let p be an odd prime, m; be positive integer. Then we have the triangle 
inequality 


2. There are infinite integers m;(i = 1,2,--- ,k.) satisfying 
k k 
Sp (>: ms) = 5 Sp (mi). 
i=1 i=1 


W. Zhang and D. Liu [77] For any fixed prime p and any positive integer n, we have 


the asymptotic formula 


S,(n) =(p—1)n +O (2 inn) 


M. Liu [40] For any fired positive integer k > 1 and any positive integer n, we have the 


asymptotic formula 
Si. (n) =a(p—1)n+0O (4 inn) , 


where k = pf pS? --- per be the factorization of k into prime powers, and a(p—1) = maxi <i<p {0% (pi- 


1) }. 


Z. Xu [62] For any prime p and complex number s, we have the identity: 


_ Os) 


2. a 
arcs peor, 


where ¢(s) is the Riemann zeta-function. 
Specially, taking s = 2,4 and p = 2,3,5, we have 


1 2 


on) 1 _ x, on) 122 ne. oo a. 
ai S2(n) 18? eat S2(n) 48? Done S2(n) 144? 
nt nt 


pe i Re anor pps en ‘ ye De 4624 
n=1 Sa(n) — 1350? n=1 S2(n) — 7200? n=1 S2(n) — 56160" 


Z. Xu [62] Let p be any fixed prime. Then for any real number x > 1, we have the 


asymptotic formula: 


s 1 1 4 ie 
= ——(Inez+y7+ +O(ax2 st), 
» Sp(n) vai ( p= 1 ( 


sp(n)<a 
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where y is the Euler constant, c denotes any fixed positive number. 
Z. Xu [62] Let k be any positive integer. Then for any prime p and real number x > 1, 
we have the asymptotic formula: 


> S*(n) = +O (2%) 
= (k + 1)(p—1) 
sp(n)<a 


W. Zhu [87] For any prime p, we have the calculating formulas 
(1) dan Sp(d) = po(n), fl <n<p; 
(2) Deal S,(d) = po(n) — (n— 1)p, ifp <n < 2p, where o(n) denotes the summation over all 
divisors of n. 

W. Zhu [88] Let p be a prime. Then for any positive integers n and k with1 <n <p 
and1l1<k<p, we have the identities: 


Sp(kn) =kS,(n), ifl<kn <p, 


kn 


Sp(kn) = kSp(n) — p =| , ifp<kn <p’, 


where |x| denotes the integer part of x. 
Y. Yi [72] For any real number x > 2, let p be a prime and n be any positive integer. 
Then we have the asymptotic formula 


=D lSe(n+1) - SC =2 (1-5) +0(F2). 


n<x 


L. Ding [2] For any real number x > 2, let n be any positive integer. Then we have the 


asymptotic formula 


5 7 nx? a NAL O na? 
DSO) = aise Deere ma 


psx m=1 log 


where @m(m = 1,2,--- ,& —1) are computable constants. 


§9. The Smarandache kn-digital sequences 


For any positive integer n and any fixed positive integer k > 2, the Smarandache kn 
-digital subsequence {S;,(n)} is defined as the numbers $;(n), which can be partitioned in- 
to two groups such that the second is & times bigger than the first. For example, The 
Smarandache 4n -digital subsequence are: S4(1) = 14,54(2) = 28,.$4(3) = 312 S4(4) = 
416, S4(5) = 520, $4(6) = 624, S4(7) = 728, S4(8) = 832, $4(9) = 936, S4(10) = 1040 $4(11) = 
1144, $4(12) = 1248, .54(13) = 1352, 54(14) = 1456,.54(15) = 1560,---. The Smarandache 
5n -digital subsequence are: S5(1) = 15,5$5(2) = 210,55(3) = 315, S5(4) = 420, 55(5) = 
525, S5(6) = 630, S5(7) = 735, S5(8) = 840, S5(9) = 945, S5(10) = 1050 S5(11) = 1155, $5(12) = 
1260, S5(13) = 1365, S5(14) = 1470, S5(15) = 1575,---. 
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C. Zhang and Y. Liu [75] Let z be a real number. If z > 4, then the infinite series 


+00 1 
FON) = 2 se 


is convergent. If z< 4, then the infinite series is divergent. In these Smarandache kn -digital 
subsequences, it is very hard to find a complete square number. 

For any positive integer n, the Smarandache Prime- Digital Subsequence (SPDS) is defined 
as follows: 
A positive integer n is an element of SPDS, if it satisfies the following properties: 
a) m is a prime. 
b) All of the digits of m are prime, i.e, they are all elements of the set {2,3,5, 7}. 
For example, the first few values of SPDS are: 2,3, 5,7, 23,53, 73, 223, 227, 233, 257,277, 377,---. 

S. Shang and J. Su [52] Let SPDSN(n) denote the number of all elements of SPDS 
that are less than or equal to n, and m(n) denote the number of all primes not exceeding n. 
Then we have the limit 

SPDSN(n) 


noo &(n) 


H. Le studied the hybrid mean value properties of the Smarandache kn -digital sequence 
with SZ(n) function and divisor function d(n), where SL(n) is defined as the smallest positive 
integer k such that n | [1,2,...,4], that is SL(n) = min{k: k € N,n | [1,2,...,k]}. And 
obtained the following results: 

H. Le [25] 1. Let1<k <9, then for any real number x > 1, we have the asymptotic 


formula 


SL(n 307 
S- on Ts InInaz + O(1). 


2.Let1<k <9, then for any real number x > 1, we have the asymptotic formula 


d(n)-SL(n) x4 
x Car i Z.99 mine +0(1). 


n<ax 


S. Gou [10] Letk EN. If eitherr2<k<5o0r6<k<9. For any positive number x, we 


have 
n 


9 
Si) salon 


l<nca 


S. Gou [12] 1. Let k be an integer and1<k <9, for any positive number x, we have 


a(n) 317 ; 
» Si) oo 


nxx 


2. Let p be a prime, k be an integer andl <k <9, for any positive number x, we have 


p 9 
a -Inl 1). 
LED E-10-In1g "et OU) 
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J. Hu, Y. He and H. Bai [18] For any positive integer N > 1, we have 


S- nm = 3 
S3(n)  10In 10 


njN 


-InN + O(1). 


For any positive integer n. the famous Smarandache 3n -digital sequence is defined as 
{ay} = {13, 26,39, 412, 515,618, 721, 824,--- ,}. That is, the numbers that can be partitioned 
into two groups such that the second is three times bigger than the first. For example, aig = 
1030, a2, = 2163,a32 = 3296,ai99 = 100300,--- . Professor Zhang Wenpeng proposed the 
following conjecture: There does not exist any complete square number in the Smarandache 
3n— digital sequence {a,}. That is, the equation a, = m? has no positive integer solution. 
N. Wu studied this problem, and prove that the Zhang’s conjecture is correct for some special 
positive integers. 

N. Wu [59] 1. Jf positive integer n is a square-free number (That is, for any prime p, if 
p|n, then p*{n ), then an is not a complete square number. 

2. If positive integer n is a complete square number, then ay, is not a complete square 


number. If an be a complete square number, then we must have 


n= 9201 ‘ 3202 g 5208 : 112% M1, 


where (n1, 330) = 1. 
S. Gou [13] For any positive integer N > 1, we have 


S¢ Ina, = 2NInN + O(N). 
n<N 
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§1. the Pseudo-Smarandache-Squarefree function 


For any positive integer n, the Pseudo-Smarandache-Squarefree function Zw(n) is defined 


as the smallest integer m such that m” is divisible by n. That is, 
Zw(n) = min{m:n|m™",me N}, 
where N denotes the set of all positive integers. 


In reference [28], Felice Russo studied the properties of Zw(n), and proposed some new 
problems and conjectures. Many scholars have studied these issues, have made great achieve- 
ments, and have solved some of them. 

M. Le [17]. 1. Ifn > 1, then Zw(n) = pi po... pe, where pi po... pe are distinct prime 
divisors of n. 

2. The difference |Zw(n + 1) — Zw(n)| is unbounded. 

3. Zuw(n) is not a Lipschitz function. 

4. P=(Vy TC = 


5. For any positive number a, 
= 1 
S(a) = SS R 0 
(a) 2d Game (@eRa>0) 


is divergence. 
6. The following three equations have no positive integer solutions n. 


Zw(n) = Zu(n+1)- Zw(n + 2); 


36 Z. Liu No. 1 


Zw(n)- Zw(n +1) = Zw(n + 2); 
Zw(n) + Zw(n + 1) = Zw(n 4+ 2) - Zw(n + 3). 
7. The equation Zw(mn) = m* Zw(n) has infinitely many positive integer solutions (m,n, k). 
Moreover, every solution (m,n,k) of the equation can be expressed as 


Mm = Pi P2--.Pr, =tk= 1, 


where pi p2...pr are distinct primes, t is a positive integer with gcd(m,t) = 1. 


&. The equation 
(Zw(n))* =k- Zw(kn), k,n €N,k>1,n>1 


has infinitely many solutions (n,k). Moreover, every solution (n,k) of the equation can be 


expressed as 
n=2",k=2,reNn. 


9. The equation 
(Zw(n))* + (Zw(n))*-1 +... + Zw(n) =n, k,n EN, k> 1 


has no isolutions (n,k). 
H. Liu and J. Gao [25]. 1. For any real numbers a, s with s—a>1anda> 0, we 


have 


~ Zw(n) _ 6(s)¢(s — @) 1 
dX ns (28 — 2a) |: ek 


where ¢(s) is the Riemann zeta function, i denotes the product over all prime numbers. 


2. For any real numbers a > 0 and x > 1, we have 


a+1)xot attaus 
Bs ls oe 1) II 1 age 3 | O{s - ). 


n<ux 


Noting that >> 


have the limit 


Zw°(n) = x+O(1) and limy_,o+ a¢(a+1) = 1, so from 2 we immediately 


n<ux 


par - II (1 OF 5) = 6(2). 


J. Li [22]. For any positive integer k > 1, we have the asymptotic formula 


Zw(k) Zw(k) 7 1 
ak) Snqln(Zatay) —° (i, :) 


B. Cheng [1]. 1. Let k > 1 be an integer, then for any positive integer m1 m2 ...Mx, we 


have the inequality 
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and the equality holds if and only all m,mz...mz have the same prime divisors. 


2. For any positive integer k > 1, the equation 
k k 
S- Zw(m) = Zw (>: m) 
i=1 i=1 


has infinity positive integer solutions (m1 mg...mx). 
W. Xiong [35]. For any positive integer n > 1, we have the asymptotic formula 


ep ea) 


k=2 


Noting that from this theorem we immediately have the limit 


n 


: 1 In(Zw(k 
lim Ay BE) oy, 


The above scholars studied the mean value of Zw(n), and gave a few asymptotic formulae. 
Then some scholars used the elementary and analytic method to study the hybrid mean value 
involving the Pseudo-Smarandache-Squarefree function and other number theory functions, and 


give interesting asymptotic formulae. 
Definition 1. For any positive integer n, the famous Smarandache function S(n) is defined by 
S(n) =min{k: ke N,n| ki}. 
W. Guan [9]. 1. The following three equations have no positive integer solution. 
Zw(n) = Zw(n+1)- Zw(n 4 2) 
Zw(n) + Zw(n + 1) = Zu(n 4 2) 
Zw(n) + Zw(n +1) = Zw(n 4+ 2) - Zw(n + 3). 


+ 2 
+ 2 


% 
7 


2. There exist infinite positive integers n such that the equation S(n) = Zw(n). 
X. Fan [3]. 1. Let k > 2 be any fixed positive integer. Then for any real number x > 2, 


we have the asymptotic formula 


rw a Kg, a? x£ 
De, CEN) = 12 Ing | ys o— (se) 


n<a 1=2 


where c; (i = 1,2,...,k) are computable constants. 
2. Let k > 2 be any fixed positive integer. Then for any real numbers x > 2, we have the 
asymptotic formula 


_ €(2)¢(3) 1) eo ee 2 


a 
nx In’ x 


where ¢(s) is the Riemann zeta function, II; denotes the product over all prime numbers, 


e; (t= 1,2,...,k) are computable constants. 
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Second, we define a new Pseudo-Smarandache function K(n) =m = ce) +k, where k is 


the smallest natural number such that n|m. Then Y. Wang studied the mean value properties 


of the new composite function Zw (K(n) - aint) ; 


Y. Wang [31]. For any real number x > 1, we have the asymptotic formula 


So Zw (xi) uae >) 2 a9? I (1 2 5) +0 (a! 5+) 


2 
n<ux p+p 


where IL, denotes the product over all prime numbers, ¢ is any fixed positive number. 


Definition 2. For any positive integer n, the least prime divisor function and the greatest 
prime divisor function V(n), U(n) are defined as: 


(1) V(1)=U(1)=1; 


(2) n= py ps?...pe” is the standard decomposition of n, whenn > 1. Then 


V(n) = ymin {orp C2P2, «+, UrPr}, 


U(n) = max {a1p1, QQP2, +++, UpDr . 


X. Zhao, J. Guo, X. Mu and T. He [37]. 1. Let k > 2 be any fixed positive integer. 
Then for any real number x > 2, we have the asymptotic formula 


where a; = (i—1)!. 
2. Let k > 2 be any fixed positive integer. Then for any real numbers x > 2, we have the 


asymptotic formula 


where a; = (i—1)!. 


Definition 3. For any positive integer n, a new Pseudo-Smarandache function Z(n) is defined 
as the smallest positive integer m such that nme) That is, 
1 
Z(n) = min{m: n| uaa 
X. Wang, L. Gao, G. Li and Y. Xue (HS) [29]. Let k > 2 be any fixed positive 
integer. Then for any real number x > 2, we have the asymptotic formula 


_ $(2)6(3) 1 co ui dj- a, “a 
¥ 2utm)- 20m) = STD ss) ts > a 0 (sar). 


m € N}. 
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where ¢(s) is the Riemann zeta function, ibe denotes the product over all prime numbers, 
d; (i = 1,2,...,k) are computable constants. 
X. Fan and C. Tian [4]. For any real number x > 2, we have the asymptotic formula 


zeieon- (UI espa) Foote) 


n<u 


where iT denotes the product over all prime numbers. 


Last, some scholars studied the hybrid mean value involving the Pseudo-Smarandache- 
Squarefree function and common number theory functions. 

X. Fan and H. Zhou [5]. 1. Let k > 2 be any fixed integer, then for any real numbers 
x > 2 we have the asymptotic formula 


k 


S~ p(n)» Zw(n) = 2° > % 40 (==) 


a 
n<u i=1 Ine 


where b; (i = 1,2,...,k) are computable constants with b; = 3 and p(n) represents the smallest 
prime factor. 
2. Let k > 2 be any fixed integer, then for any real numbers x > 2 we have the asymptotic 


formula 


2 


¥ Aon) Zein) =a? + 0( i} 


hea In” x 


Inp, if p is prime, 
where c; (i = 1,2,...,k) are computable constants with cy = s and A(n) = Be EPP 
0, otherwise. 
X. Wang, L. Gao, G. Li and Y. Xue (JYU) [30]. For any real number x > 1,m EN, 
we have the asymptotic formula 


+1 


 Zw(n): 6(n") = se iH (14258) +o (amiss), 


n<ux 


where € is any fixed positive number. 


§2. the Smarandache dual function 


Definition 4. For any positive integer n, the famous Smarandache function S(n) is defined as 


the smallest positive integer m such that n|m!. That is, 
S(n) = min{m:n| mi}. 


Similarly, we introduce another function as following which have close relationship with 
the Smarandache function S(n). It is the Smarandache dual function S*(n) which denotes the 
greatest positive integer m such that m!|n, where n denotes any positive integer. That is, 


S*(n) = maxr{m:m!|n}. 
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J. Li [22]. For any real number a <1, the infinite series 
— S*(n) 
Dea 
n=1 
is divergent, it is convergent if a >1, and 


> ax ea ye ae 


n=1 


where ¢(s) is the Riemann zeta-function. 


S. Xue [33]. 1. For any real number s > 1, we have the identities 


= (s(n) nk (n—1)h 
ns = C(s) S- (n!)s ’ 


n=1 n=1 


and 


oS 1 oS 1 
2d S*(n) + ns = ¢(s)- (: Seresncesa j 


where C(s) = )>°_, + is the Riemann zeta-function. 


n=1 ns 


2. For any real number x > 1, we have the asymptotic formula 


E sm =(e-r+0 (G25). 


n<u 


F. Li [18]. For any real number x > 1, we have the asymptotic formula 
co k+1 k+1 
* Hoa m rae 
ds (n))" =a SS (m+1)! +0 (rates | ; 


M. Liu [27]. For any positive integer n, we have the identity about the sum of Smaran- 
dache dual function 14), 5*(d) 


(a, + 1)(a2 4+ 1)...(ax +1), if n = pl ps?...py*, pi 1s odd prime; 
SS" S*(d) = § (Qa + (ar + I(az + 1)...(ax + 1), if n = 2%p™ p%...p%*, p # 3; 
dl (Qa +1+a, +3a01)(a2 +1)...(an +1), ifn = 2%p%p8?...p%*,p, = 3,a = 1,2. 


where p; are different odd primes; a,a; are positive integers. 


Next we introduce another Smarandache dual function S**(n). 


Definition 5. For any positive integer n, the new Smarandache dual function S**(n) is defined 
as the greatest positive integer 2m —1 such that (2m —1)!!|n, ifn is an odd number. S**(n) 


is the greatest positive integer 2m such that (2m)!!|n, ifn is an even number. That is, 


max{2m:m € N*, (2m)!!| n}, if 2|n; 


max{2m—1:mEN*,(Qn—1)!"|n}, sf2tn. 
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S. Gou and X. Du [10]. For any real number s > 1, the infinite series 


S S**(n 
oe 


is convergent, and 
y nS (3 =) (45 i) aS pe ((2m)!!)8’ 


where ¢(s) is the Riemann zeta-function. 
Q. Zhao and Y. Wang [39]. For any real number s > 1, we have the identity 


— S**(n)? 1 1\— 8m ~~ 8m-4 
a ea c ge T (1 =) ices No aah 


m=1 


where ¢(s) is the Riemann zeta-function. 


From this theorem we immediately deduce the following limit formula: 


— S**(n)?\ 13 
lim(s— 1) (5 Se") sae 


Then we introduce the Smarandache LCM function SL(n). 


Definition 6. For any positive integer n, the Smarandache LCM function SL(n) is defined 
as the smallest positive integer k such that n|[1,2,...,k], where [1,2,...,k] denotes the least 


common multiple of 1,2,...,k. That is, 
SL(n) = min{k:k € N,n|(1,2,...,4]}. 


Similarly, we introduce another function as following which have close relationship with the 
Smarandache LCM function SL(n). It is the Smarandache LCM dual function SZ*(n) which 
denotes the greatest positive integer & such that [1,2,...,k]|m, where n denotes any positive 
integer. That is, 

SL*(n) = mar{k:k €N,[1,2,..., k] | n}. 


J. Zhao and W. Duan [38]. For any real number x > 2, we have the asymptotic 


* 2 
y SY -c+240(7 =). 
n x “ 


n<x 


formula 


where c= Ye-1 Yop Wage eet is a constant. 


Last, we define the Smarandache double factorial function Sdf(n). 


Definition 7. For any positive integer n, Sdf(n) is defined as the smallest positive integer m 
such that n|ml!. That is, 


Sdf(n) = min{m:m €N,n| mill}. 
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L. Huan [15]. 1. Forn =p, po...p, is a square-free number, we have the identity 
k-2 k-1 
[[S@ =pi- ps: pia Pe 
d\n 


k; 


2. Forn =p, p2... pr is a square-free number or n = p” is a power of prime, we have the 


identity 


k—-2 k-1 7 
Pisa. Pe-1 De 0» f= Pi p2---Prs 
TIS£@ = 9 wus | : 
d|n pp? , ifn=p". 


k; 


&. Forn =p p2... pr 1s a@ square-free number or n = p” is a power of prime, we have the 


identity 
k-1 k—-2 k-3 f 
é PL PS PS Dey Pky FN = Pi Po Pei 
[[ 52 (d) = k(k+1) 
. k 
d|n Pp? , ifn =p". 
4. Forn =p, p2...pr is a square-free odd number or n = 2p; po... pr is a square-free even 


number, we have the identity 


k-2 k-1 , 
[I saa = PrP Pea PR if = P12 Pei 
a Laer ae chee eee meee ee 
d|n PL Py p32? +..- pe, tf = 2p; po». Pr: 
5. Forn =p, po... pp is a square-free number or n = p* is a power of prime, we have the 
Pip 
identity 
gk-1 . 
[za | (pi pe--Pe)” ifm = pi pr. Pi 
dln p", ifn=p*. 


F. Zhang and J. Li [40]. Let n be any positive integer. Then for any real number 


x >1, we have the asymptotic formula 


rlng zlng 
Sy Pain) = InIna oy (a) 


nN<u 


§3. the other related Smarandache functions 

In this part, we will introduce some new functions which are generalizations of the famous 
Smarandache function Sn). Many scholars studied the elementary properties of the functions. 
Definition 8. Let p be a prime, n be any positive integer, S,(n) denotes the smallest integer 
m such that m! is divisible by p”. That is, 


Sp(n) = min{m:m €N,p” | mi}. 
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F. Liang and Y. Yi [24]. For any real number x > 2, let p be a prime and n be any 


positive integer. Then we have the asymptotic formula 


y. i= {+0 me: 
n<ux P Inp 


Sp(n+1)=S),(n) 


R. Fu [6]. Let p be a prime and n be any positive integer, then the equation 


Sp(1 x 2) + Sp(2 x 3) +... + Sp(n x (n+1)) = Sp (ae ae) 


has finite solutions. 
1. Ifp =2,3,7, the equation has only one solution n = 1; 
2. Ifp =5,11, the equation has solutions n = 1, 2,3; 
3. Ifp > 13, the equation has finite positive integer solutions n = 1,2,...,n», where np > 1 


is a positive integer and 


3/ 3p 9p? 3/ 3p 9p? 
— 1 
ue E TV a (at Vo7V ao 


where [x] denotes the greatest integer not exceeding x. 


Definition 9. For any positive integer n, the functions Z,(n) and Z(n) will be defined as 


Z,.(n) = mar{m:meEN,< n} 


and i 
Z(n) =min{m:meN,n< mins Oy 
J. Gao [8]. 1. For any complex number s, the infinite series 
tO 
26 Zin) 
and 


n=1 
are convergent if s > 0, and divergent if s < 0. 


2. For any compler number s with Re s > 2, we have the identities 


ee 


n=1 


and 


ee 
2 Taye = SE—) 


n=1 
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where ¢(s) is the Riemann zeta-function. 


3. For any positive integer n and complex number s with Re s > 1, we have 


and 


where ¢(s,a@) is the Hurwitz zeta-function. 


Definition 10. Define the arithmetic function D(n) by 


1, ifn=1,; 


1 


D(n) = ia 
pane? >. dfn > 1. 


K. Liu [26]. There exists an absolute constant c > 0, such that the asymptotic formula 
S- a cx +O (xbe-o00)) 
D(n) 
nN<au 


is ture, where 


and 


peel 
5, 


O(a) = log? x(log log x) 


Definition 11. For any positive integer n, we define a new Smarandache function G(n) as the 
smallest positive integer m such that [];_, o(k) is divisible by n. That is, 


G(n) = min{m:meEN,n| II o(k)}, 


k=1 
where 6(k) is the Euler function. 


J. Fu and Y. Wang [7]. 1. For any prime p, we have the calculating formulae 


G(n) = min{p?, q(p, 1)}; 
G(p?) = q(p, 2), if a(p,2) < p?; G(p?) = p?, if a(p, 1) < p? < a(p, 2); 
G(p?) = a(p, 1), if p? < q(p, 1) < 2p?; and G(p?) = 2p”, if q(p, 1) > 2p”, 


where q(p,t) is the i-th prime in the arithmetical series {np + 1}. 
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2. G(n) is a Smarandache multiplicative function, and moreover, the Dirichlet series 
ye SM) is divergent. 


n=1 n?2 


3. Letk > 2 be a fixed positive integer, then for any positive integer group (m1, Mo, ..., Mk), 


we have the inequality 


G(mymz...Mp) < G(m1)G(ma)...G (me). 


Definition 12. For any positive integer n > 3, we define a arithmetic function C(n) as the 


greatest positive integer m <n—2 such that n|Cr = ECEIE That is, 
C(n) = mar{m:m <n—-2,n| Cr}, 


and define C(1) = C(2) =1. 


F. Li [19]. 1. Let k > 2 be a fixed positive integer, then there exists positive integer n 
such that 


n—C(n)>k. 
2. For any positive integer n > 4, we have the asymptotic formula 
“1 
C(n) =n+0O | exp a ; 
InInn 


where exp(y) = e¥, c1 > 0 is a constant. 


3. For any real number N > 4, we have the asymptotic formula 


SO(n) = 5 -N?+0(W-m WN), 
n<N 


Definition 13. For any positive integer n, we define the function P(n) as the smallest prime 
p such that n|p!. That is, 
P(n) = min{p : n| p!, where p bea prime} 
H. Li [23]. 1. For any real number x > 1, we have the asymptotic formula 
ve 6 
S> P(n) =a et +0 (2), 
n<ux 
2. For any real number x > 1, we also have the mean value formula 


Sem -Pey?=2-¢(3)- 2 o( - : 


n<u 


where P(n) denotes the largest prime divisor of n, and ¢(s) is the Riemann zeta-function. 
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Definition 14. For any positive integer n, the Smarandache reciprocal function S.(n) is defined 
as the largest positive integer m such that y|n! for all integers 1 <y<m, andm+1{n!. That 
1S, 


S-(n) = max{m: y|n! foralll < y < m,andm +1 n!} 
L. Ding [2]. 1. For any real number x > 1, we have the asymptotic formula 
2 " 
S > Se(n) Be: +0 (2#) : 
n<ux 


2. For any real number x > 1, we have the low bound estimate 


= (Sah) aS ‘In?c +O (aH?) 


Then F. Li studied the solvability of an equation involving S.(n) and P(n), and give a new 
critical method for twin primes. That is, we shall have the following: 

F. Li [20]. For any positive integer n > 3, n and n+ 2 are twin primes if and only ifn 
satisfy the equation 


Definition 15. For any positive integer n, the Smarandache prime addictive function SPAC(n) 
is defined as the smallest non-negative integer k such thatn+k is prime. 


Y. Guo and Y. Lu [11]. For any positive integer n, we have the estimation 


1 n 
=— > 
An, 5 ) SPAC(a) > 


a=1 


5 inn +O(1). 


Y. Guo and G. Ren [12]. For any real number x > 1, we have the asymptotic formula 


S>(n + SPAC(n)) = ; 22 +0 (x) 


n<ux 


In section 2 we defined the least prime divisor function and the greatest prime divisor 
function V(n), U(n), now W. Huang, Y. He and Q. Qi gave many asymptotic formula of the 
functions. 


Y. He [13]. For any real number x, we have the asymptotic formula 


3 


S~V(n)-U(n) = - ate (=) 


n<a i=1 7 


where a; = (i — 1)! ts computable constant. 
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Y. He and Q. Qi [14]. For any real number x, we have the asymptotic formula 


YVin)-wy =F 40 (SE), 


n<u i=l 


where p(n) represents the smallest prime factor, and a; = (i — 1)! ts computable constant. 
W. Huang [16]. 1. Let r be any fixed positive integer, for any real number x > 1, we 
have the asymptotic formula 


r . 2 
do U(r) =2? YO ‘ ! o(7) 
i=l 


i 
nee In‘ x 


me 
T2 . 
2. Let r,m be any fixed positive integer, for any real number x > 1, we have the asymptotic 


where fi(t = 1,2,3,...,7) are computable constants and f, = 


formula 


il ee L ai gmt 
) Vv (n= Sa : ; i +O In’ tl x ) 
w=1 


a 
nee In’ x 
where a;(i = 1,2,3,...,7) are computable constants. 


Definition 16. For any positive integer n, a new addictive function G(n) is defined as follows: 
(1) GQ) = 0; 
(2) ifn > 1 and n = pt'pS?...py* denotes the prime power factorization of n, then G(n) = 
pad pe eee ae 

Now we define the Smarandache divisor product sequences {pa(n)} and {qa(n)} as follows: 


pa(n) denotes the product of all positive divisors of n; qq(n) denotes the product of all positive 
divisors of n but n. That ts, 


a(n) d(m) _ 
pa(n) =|[[d=n? -qa(n) = II d=n 27}, 
d\n d|n,d<n 
where d(n) denotes the Dirichlet divisor function. 


W. Yao and T. Cao [36]. 1. For any real number x > 1, we have the asymptotic 


formula 
S> G(pa(n)) =B-«-mnx+(27y-B-—D-—B)-x+O(VzelnInz), 
n<ux 


where B= 91, ma D=)', =F, 7 is the Euler constant, and /,, denotes the summation over 


all primes. 


2. For any real number x > 1, we have the asymptotic formula 


S> G(aa(n)) =B-x-nx+(27y-B—-D-—2B)-¢+O0(VzlnInz), 


n<ux 


where B and D are defined as same as in 1. 


AT 
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Definition 17. For any positive integer n and two fixed positive integer m and k(k > 1), a 


generalized power-sum Smarandache function P(n,m,k) is defined as 


[Qn m+In n)/ In k] 


P(n,m,k) = S- (n — k*). 


i=0 
Y. Wang and L. Hua [32]. Let m and k(k > 1) be any fixed positive integer, for any 


real number x > 1, we have the asymptotic formula 


1 
> P(n,m,k) = Sia! x? -In(mzx) + R(n,m,k), 


1 mk 2 x 2x In(max)+2r4+In(maz)+z Ink 
where |R(n,m,k)| < (4 ee) a tea sink : 
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Abstract In this paper, we obtain some properties of p — (a, )-normal and we prove the 
following assertions. (i) If T’ is p—(a, 8)-normal operator, S is an invertible operator and X isa 
Hilbert-Schmidt operator such that TX = XS, then T*X = XS". (ii) If T is totally p—(a, 3)- 

normal operator, then the range of generalized derivation 6r : B(H) 3 X — TX-—XT € B(H) 
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§1. Introduction and preliminaries 


Spectral theory has a key important role in the modern functional analysis and its applica- 
tions in various fields. Basically, it is incorporated with specific inverse operators, their common 
properties and their dealings with the original operators. Such inverse operators play a major 
role in solving systems of linear algebraic equations, differential and Sylvester equations. 

Throughout this paper, # denotes an infinite dimensional complex Hilbert space with inner 
product (-,-) and B(H) denotes the algebra of all bounded linear operators acting on H. The 
kernel, the range, the spectrum, point spectrum of an operator T will be denoted by kerT, 
ran(T), o(T), op(T), respectively. For any operator T € B(H), set, as usual |T| = (T*T)*/? , 
and consider the following standard definitions: normal if T*T’ = TT* and T is hyponormal if 
|T*|? < |T|?. An operator T € B(H) is said to be p— (a, G)-normal operator (0 < a < 1 < 8) 
forO<p<1if 


a2(T*T)? < (TT*)? < B2(T*T)?. 
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When p = 1, the operator T is said (a, 3)-normal operator. 


S.S. Dragomir and M.S. Moslehian [9] has given various inequalities between the operator 
norm and the numerical radius of (a, 3)-normal operator. 
An operator is said to be 


(i) p-hyponormal [1] for 0 < p <1 if (TT*)? < (T*T)?; 


(ii) dominant if ran(T’ — AJ) C ran(T — AI)* for all A € C, or equivalently 


4M) €C:||(T—AI)*a|| < My||(L — AD)a|| for each x € H; 


(iii) 1/-hyponormal if there exists a constant M such that M) < M for all A € C. 


The weighted shift defined by We, = e2, Weg = 2e3 and We; = e;4; for i > 2 is an exam- 
ple of M-hyponormal [25], is not an p-(a, 3)-normal, which is either normal nor hyponormal. 
It is proved in [19] that every p-(a, @)-normal operator is M-hyponormal. 

So, we conclude that the class p-(a, 3)-normal lies between hyponormal and M-hyponormal 
operators, and we have the following classes inclusion 


Normal C Hyponormal C (a, 3) — normal C p — (a, 3) — normal 


C M —hyponormal C Dominant 


The familiar Fuglede-Putnam theorem asserts that if T € B(H) and S € B(H) are normal 
operators and TX = XS for some X € B(H), then T*X = XS* (see [17]). Many authors 
extended this theorem for several nonnormal classes of operators (see [4—6, 12, 14,16, 18,22, 24]). 
Following [26], we say that an operator T € B(H) is finite if 


| — (PX — XT) 21 


holds for all X € B(H). The above inequality is the starting point of the study of commutator 
approximations, a topic with roots in quantum theory [27]. Let B denote a Banach algebra. 
Recall that b € B is said to be Brikhoff orthogonal to a € B, written as b 1 a, if the inequality 


Ilall < lla + pOl| 


holds for all w € C. The above definition of orthogonality has natural geometric meaning, 
namely, b | a if and only if the line {a + yb: u € C} is tangent to the ball of center zero and 
radius ||a||. If 6 = H, then the orthogonality means usual sense (a, b) = 0. 

The generalized derivation 63,7 : B(H) — B(H) for S,T € B(H) is defined by dg,7r(X) = 
SX — XT for X € B(H), and we set dp.7 = br. If the following inequality 


|S — (7X — XT)]| > [IS 


holds for all S € ker 67 and for all X € B(H), then we say that the range of dp is orthogonal 
to the kernel of 67 . 
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Let T € B(H) and let {e,} be an orthonormal basis of a Hilbert space H. The Hilbert- 
Schmidt norm is given by 


IT ll2 = (So treut") 


n=1 
An operator T is said to be a Hilbert-Schmidt operator if ||T'||z2 < co (see [3] for details). C2(H) 
denotes a set of all Hilbert-Schmidt operators. For $,T € B(H), the operator I's 7 defined as 
Ter : Co(H) 3 X — SXT © Co(H) has been studied in [2]. It is known that |['| < ||S'|||T']| 
and ([s,r)*X = S*XT* =Tg« 7*X. If T > 0 and S > 0, thenT'7,5 > 0. For more information 
see [2]. 

The organization of the paper is as follows; in Section 2, we give some properties for 
p — (a, 3)-normal operators and totally p — (a, 8)-normal operators needed in the sequel. In 
Section 3, we prove the following assertions: 


1. if T is p— (a, @)-normal operator, S is an invertible operator and X is a Hilbert-Schmidt 
operator such that TX = XS, then T*X = XS*, and 


2. if T is totally p — (a, 6)-normal operator, then the range of generalized derivation 6r : 
B(H) > X > TX — XT © B(H) is orthogonal to its kernel. 


§2. Some properties of p — (a, 3)-normal operators 


In this section we give several preliminary results which will be used in the sequel. 
Definition 2.1. An operator T © B(H) is called p — (a, 8)-normal operator 0 < p < 
1, (0sas1< 6) 4 


a2(T*T)? < (TT*)? < B2(T*T)?. 


Lemma 2.2. [6] Every invertible operator A is p — (a, 2)-normal operator. 
Theorem 2.3. [19] [fT € B(H) is an p— (a, 8)-normal, then the following hold: 
(i) If Tx = \x, AAO, then T*x = dx. 
(i) ojp(T) — {0} = o9(T) — {0}. 
(iii) If Tx = Aw and Ty = py with XF p, then a L y. 
Definition 2.4. An operator T is called totally p— (a, G)-normal, if the translation T — 
is p— (a, B)-normal for all A € C. 


§3. Main Results 


Given nonzero operators T,S € B(H), let T ® S denote the tensor products on the tensor 
product space H®H. The operation of taking tensor products T ®S preserves many properties 
of T,S € B(H). T @S is hyponormal if and only if T and S are hyponormal [11]. Now we 
obtain an analogous result for p — (a, 3)-normal operators. 

Lemma 3.1. [21] Let A,,A2 € B(H), Bi, Bo © B(H) be non-negative operators. If Ay 


and B, are non-zero, then the following assertions are equivalent 
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(i) A1 @ By < Ag ® Bo 
(ii) There exists c > 0 for which Ay < Ag and By < c~1Bg. 

Theorem 3.2. IfT € B(H) is p—(aj1, 61)-normal operator and S € B(H) is p—(az, B2)- 
normal operator, then T @ S is p — (a1Q2, 81 82)-normal operator. 


Proof. Note that 0 < ajag < 1 < 6,62 and by Lemma 3.1, we have 


aja3((T @S)*(T@S)|? = ajas(T*T @ S*S)? 
= aja3(T*T)? @(s*s)P 
= aj(TT*)? @ a3(SS*)? 
< (TT*)? @(Ss*)P 
= [TeS\(T@S)*. 


Similarly, 


[(Tes)(T@s) P< AP6s((TeS)*(T@S)}. 


In the following, we show that if X is a Hilbert-Schmidt operator, T is p — (a, 3)-normal 
operator and S is an invertible operator such that TX = XS, then T*X = XS*. 

Lemma 3.3. Let T,S € B(H). If T is p— (a, B)-normal and S* is p— (a’, B’)-normal, 
then the operator lr, defined on C2(H) byTr,5(X) =TXS is p—(aa’, 8B")-normal operator. 


Proof. The unitary operator U : Co(H) > H@H by a map « @y* > «x ® y induces the 
*-isomorphism WV : B(C2(H)) > B(H @H) by a map X > UXU*. Then we can obtain 
W(Cr,5) =T © S* [8]. The complete proof comes from Theorem 3.2. 


Theorem 3.4. Let T be an p— (a, 8)-normal operator and S* be an invertible operator. 
IfTX =XS for some X € C2(H), then T*X = XS*. 


Proof. Let T be defined on C2(H) by [(Y) = TY S~+. The operator S is invertible, then S is 
p — (a, 3)-normal operator by Lemma 2.1. 

Since T and S are p—(a, 3)-normal operators, we observe that T is also p—(a?, 87)-normal 
operator by Lemma 3.3. Moreover, '(X) = TX S97! = X because of TX = XS. Hence X is 
an eigenvector of . By Theorem 2.3, we have [*(X) = T*X(S~!)* = X, that is, T*X = XS* 
as desired. 


Theorem 3.5. Let T € B(H) be ap—(a, 8)-normal operator and M CH. be an invariant 
subspace of T, then the restriction T|,, is also p — (a, 83)-normal. 


Proof. Let P be the orthogonal projection on M and Let A = T|,4, then TP = PTP = AGO 
on H=MO@ M+. Since T is p— (a, 3)-normal 


CPO EPP = Per yee 
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and so 
a?(|A|?? 60) < P(TT*)?P 


From Hansen’s inequality 


a?|A|?? < (PTT*P)? 
< (PTPT*P)P 
< [(A80)(4* 6 9))? 
= (AA*)P 


Similarly, we prove that 
(AA*)? < B?(A*A)P 


This means that the restriction A is p— (a, 3)-normal. 


Lemma 3.6. If T is p—(a,)-normal for some 0 <p <1, then T is q— (a, G)-normal 
for everyO<q<p. 


Proof. The result follows from the Lowner-Heinz’s inequality. 


A complex number 4 is said to be in the joint spectrum of T if there exist a joint eigenvector 
x of T and T* such that Tx = Ax and T*x = Ax. The following result of totally p—(a, 3)-normal 
operators are finite has been obtained in [19]. 
Theorem 3.7. [19] If T is totally p— (a, 8)-normal operator, then T is finite. 
Lemma 3.8. JfT € B(H) is totally p—(a, B)-normal and if S is a normal operator such 
that TS = ST, then 
|S — (2X — XT)|| > lu 


for all pp € o,(S) and for all X € B(H). 


Proof. Let M,, be the eigenspace associated to  € o,(5). Since S is normal, the Fuglede- 
Putnam theorem ensures T'S = ST implies S*T = T\S*. Hence M,, reduces both S and T’. 


Now we write matrix representations of T,S and X as 


Ge Ss, 0 Xe ae 
T= ose , and X= 
0 Ts 0 So X3  X4 


on H=M,& Mz. Hence we have 


—(%x1-X%1T) P 
S22 on) we (TXy iT) 
Q R 


for some operators P,Q and R and hence 


|S — (LX — XT)|| > llu- (1X1 — 41T1)I| (1) 
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Since T is totally p—(a, 3)-normal operator and M,, is a reducing subspace of T, the restriction 
T, =T |m,, is totally p—(a,8)-normal by Theorem 3.5. Since 7) is finite by Theorem 3.7, we 


have 
XxX Xx: 
[ix — x71) — all> | (1 - 2) - a] > Ua (2) 
woo 
From (1) and (2), we have 


|S — (FX — XT) || > [al 


for all X € B(H). 


The following result due to S.K. Berberian [7] is well known. 

Proposition 3.9. [7] [Berberian technique] Let H be a complex Hilbert space. Then there 
exist a Hilbert space K > H and: B(H) > B(K) such that w is an *-isometric isomorphism 
preserving the order satisfying 

(i) oT") = $1)", vUu) = Ik, Y(oT + BS) = af(T) + BY(S), o(TS) = ¥(T)V(S), 
|o(T)|| = ||T I], o(L) < vS) fT < S for all T,S € B(H) and for all a, 8 € C. 

(ii) o(L) = o(W(T)), oa(T) = oal((T)) = op(W(L)), where op(T) is the point spectrum of 
ie 

Now, we prove that the range of d7,¢ is orthogonal to the null space of 67,5 when T is 
totally p — (a, 3)-normal and S is a normal operator. 

Theorem 3.10. Let T € B(H) be totally p—(a, B)-normal and let S be a normal operator 
such that TS = ST. Then 


I|S]] < [|S — (7X — XT)| 


for all X € B(H). 


Proof. By Proposition 3.9, it follows that ¥(T) is p — (a,@)-normal, w(S) is normal and 
W(T)v(S) = ¥(S)v(T). Since ~(T) is finite by Theorem 3.7, we have for all uw € o,(S) = 
Fa(b(S)) = oa(S) = o(5), 


Hl S IY(S) — YT)V(X) — W(X)PT)I| = IIS — (2X — XT)I| 
for all X € B(H) by Lemma 3.8. Hence 


S|] =r(S) = sup |p| < ||S —(TX — XT)]. 
HEa(S) 
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Abstract In the present paper, Y denotes the set of all Entire Dirichlet series in two vari- 


ables which forms a I-ring, where I’ denotes the set of those Entire Dirichlet series in two 


a 
variables for which ((m + n)e)Qmt#™)* |" | is bounded. We thereby prove the commu- 
Amn 
tativity conditions and the relation among primitivity, primeness and simplicity for the set 
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81. Introduction and preliminaries 


Let “a 
fei: Sane er ey (sj =o; +itj, j = 1,2) (0.1) 


mn=l1 


be a Dirichlet series of two complex variables s; and sz and dm.n/s € C. Also A's, [in’s € R 


satisfying 
0< Ay < Ag <<... <Am A CO ASM —> CO 
and O< pi < pe <...< tn 7% OO asSn—- oo. 
If 
lim sup Ssiinsem) =Q<oo (0.2) 
and 
l m,n 
lim sup loglamnl _ _ og (0.3) 


m+n—-oo Dex + Ln 
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Then from [1], the series (0.1) represents an entire function. Let Y be the set of all entire 
functions and I’ denotes the set of those Entire Dirichlet series in two variables for which 


((m + nje) Am tune &mn | is bounded. 


m,n 


The norm in I is defined as follows 


am,n 


IZ = eap (net Oe es (0.4) 


Am,n 


Uptil now a lot of research has been done in the field of dirichlet series which can be seen 
in [1]- [2]. Luh in [4] and [5] studied various results on primitive [-rings. Kumar and Manocha 
in [7] worked on the generalized weighted norm for a Dirichlet series of one variable and proved 
results on continuous linear functional. Then in [6] the series is considered and proved that 
it fails to form divison algebra and conditions for topological zero divisor has been obtained. 
In the present paper we consider the set of all Entire Dirichlet series which forms a I-ring 
and obtain various results on commutativity conditions and the equivalence among primitivity, 
primeness and simplicity for this set Y. The purpose of this paper is to establish a link between 
analysis and algebra. 


§2. Basic Results 


In the sequel following definitions are required to prove the main results. For all notions 
relevant to ring theory, refer [3] and [10]. 


Definition 0.1. Let N andT be two additive abelian groups. If there exists a mapping N XT 
X N->WN such that for all x,y,z € N anda, €T the conditions 

(1.a) (w+ y)az = raz + yaz, 

(1.b) e(a+ B)z =xaz+ 282, 

(1.c) ca(y + z) = ray + raz, 

(1.d) (way) Bz = xa(yBz) 

are satisfied then N is a T-ring. 

An additive subgroup J of N is a left (right) ideal of N if NT J C J (JUN C J). If J is both 
a left and a right ideal of N then J is a two- sided ideal or simply an ideal of N. For all other 
concepts refer [8] and [9]. 


Definition 0.2. Let N be aT-ring. If for any non-zero element n of N, there exists an element 


y (depending on n) inT such that nyn £0, we say N is semi-simple. 


Definition 0.3. If for any non-zero elements m and n of N, there exists y (depending on m 
and n) inT such that nym 4 0, we say N is simple. 


Definition 0.4. Let N be aT-ring. An ideal Q of N is prime if for all pairs of ideals G and 
A of N, GVH CQ implies GC Q or H CQ. AT ring N is prime if the zero ideal is prime. 


Definition 0.5. An ideal P of M is semi-prime if for any ideal V, VT'V C P implies V C P. 


AT ring N is semi-prime if the zero ideal is semi-prime. 
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Definition 0.6. A T-ring Y is left primitive if 

(1) The left operator ring of Y is a left primitive ring. 

(2) y(s1, $2).0.Y =0 implies y(s1, 52) = 0. 

Y is a two-sided primitive T-ring if it is both left and right primitive. 


Now let x(s1, s2), y(s1, $2) € Y and 6(s1, s2) € T such that 


co co 
BSB). =. Ss Ue MO ay saa > Denes Oe (Gi) 
mn=l1 m,n=1 
co 
= S- Brn nermsi tin $2) (0.5) 


mn=l1 


The binary operations that is addition and multiplication in Y X TX Y is defined as 


Co 


Si; 52) ir B(s1, 52) + y(s1, 82) = »! (Gm n + Bmn + Bin em si tin 82) 


mn=1 


[oe) 


£($1, $2).8(81, $2)-y(S1, $2) = S- (Gi Bra adm) COE, 


mn=1 

Clearly the set Y forms a T-ring. Now for any non-zero elements x(s1, 52) and y(s1, s2) 
of Y there exists an element 3(s1,s2) (depending on x(s1, 82) and y(s1,82)) in I such that 
Am,n-Bmn-Om,n #0 and Gm.n-Bm,n-¥m,n #0. Thus Y is semi-simple and simple respectively. 
Let Kk be a free abelian group generated by the set of all ordered pairs {x(s1, 82), 3(s1, $2)} 
where x(s1,52) € Y and 6(s1,82) ET. 
Let F’ be a subgroup of elements DS mi{x;i(S1, $2), Bi(S1, 52)} € K where m, are integers such 


a 


that 


S © mila; (81, 82).; (81, 82).a(81, 82)] = 0 for all a(s,, 52) € Y. 
Denote by L the factor group K/F and by [2(s1, $2), 6(s1, $2)] the coset F+{x(s1, $2), (1, $2)}. 
Clearly every element in L can be expressed as a finite sum S [zi(s1, 82), 3:(81, $2)]- 
Also for all 2(s1, 82), y(s1, $2) € Y and a(s1, 82), 8(s1, 2) € r 
[x(s1, 82), (81, $2)] + [x(s1, $2), B(s1, $2)] = [w(s1, 82), (81, 82) + B(s81, 82)] 
[z(s1, $2), B(81, $2)] + [y(s1, 82), B(1, $2)] = [(s1, $2) + y(s1, $2), B(S1, $2)] 


Define multiplication in L as 


S"[i(si, 82), Bi(s1, 82)]- Solus (s1, 82), 0; ($1, 82)] = S"[xi(s1, $2).B:(s1, 82)-Yj ($1, $2), @3(81, $2)] 


a J tj 


Then L forms a ring. Furthermore Y is a left L-module with the definition 


S“[xi(s1, 82), Bi(s1, $2)].a(S1, 82) = S“[xi(s1, 82).8:(s1, $2).a(S1, 82)] for all a(s1, 82) € Y. 


a a 
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We call the ring L the left operator ring of Y. Similarly we can define the right operator ring 
Rof Y. 

It is known that every one-sided primitive [-ring having minimal one sided ideals is a two-sided 
primitive [-ring. Since no left primitive [-ring has non-zero strongly nilpotent one-sided ideals, 


every minimal left ideal of a primitive [-ring Y is of the form Y.e(s1, s2).e(s1, s2) where 


Co [oe) 
e(s1, $2) = y Em ne ms: Hn 82) € J, €(81, 82) = y Em ners tn $2) eT 
mn=1 m,n=1 


and 


Emn-Em,n-Em,n = Em,n- 


§2. Main Results 


Theorem 2.1. Commutativity conditions on a T-ring Y - 
AT-ring Y is commutative if for every element x(s1, 52) € Y we have x(s1, $2).7(S1, $2).v(S1, $2) = 
x($1, $2) for y(s1, 52) €T (fired). 


Proof. Suppose 

{x(s1, 82) + y(81, 82) }.7(81, 82)-{@(81, 82) + y(S1, $2) } = (81, 82) + y(S1, 82). 
This implies 

x($1, $2)-7(S1, $2).y($1, $2) = —y(S1, $2)-Y(S1, $2).0(51, $2). 

Now 
x(S1, 82).7(S1, $2)-{@(S1, $2).¥(S1, $2)-y(S1, $2)} = x(S1, 82).7(81, $2) {—Yy(S1, 82)-¥(S1, $2)-4(S1, $2)} 
further implies 

x(81, $2).7(S1, $2)-y($1, 82) = —@($1, $2).¥(S1, $2) {y(S1, $2)-Y(S1, $2).0(1, $2) } 
Similarly 

x(81, $2).7(81, $2) {y(1, $2)-¥(S1, $2).4(S1, $2)} = —y(s1, $2).(S1, $2).0(S1, 82) 


Thus 


x(S1, $2)-Y¥(S1, $2)-y($1, $2) = y(S1, $2)-¥(S1, $2).2(S1, $2) 


Clearly Y is a commutative [-ring. Hence the theorem. 


Equivalence of Primeness, Primitivity and Simplicity of a [-ring Y- 


Theorem 2.2. If Y is a simple T-ring then Y is prime. 
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Proof. Suppose that Y is not prime and we have UI'V = 0 where U and V are non-zero ideals 
of Y. Since Y is simple implies U = V = Y which further implies 


YTY =0. 


This contradicts the simplicity of Y. Thus Y is prime which completes the proof of the theorem. 


Theorem 2.3. Jf Y is a left primitive D-ring then Y is prime. 


Proof. Given Y is a left primitive [-ring. Thus L be the left operator ring of Y. Let N be 
the faithful irreducible left Z-module. Let us suppose that Y is not prime. Let U and V be 
two non-zero ideals of Y and UTV = 0. We claim that [V,T]N = N. If [V,T]|N = 0 implies 
[V,T] = 0 which implies VTY = 0. Since Y is primitive implies V = 0 which is a contradiction. 
Thus [V,T]N = N. Similarly [U,T]N = N. 

Consider 


fezs) 
sil 
a 
=e 
No 
as 
=] 


I 
2 


which contradicts the assumption which implies that Y is a prime I-ring. 


Theorem 2.4. Jf Y is aT-ring having minimal left ideals then Y is primitive if and only 
if Y ts prime. 


Proof. By above Theorem, primitivity implies primeness. Let us assume that Y is prime and 


J be the minimal left ideal of Y. Clearly J is an irreducible left Z-module. JTJ 4 0, J = 
Y.¥(81, $2).e($1, $2) and €mnY¥m.n€mn = mn Where e(s1, $2) = S- Em ne rm si tin s2) 


m,n=1 


Suppose So [ei(si, 82), Vi(S1, $2)|J = 0. This implies 


De xi ($1, $2)-¥i($1, $2). YT .Y-y(s1, $2).e(81, $2) C dlei(s, 82), ¥i($1; $2) |o 


a uv 


which implies 
is Xj ($1, $2).Vi ($1, $2)-Y T.Y-7(1, $2)-e($1, 82) = 0. 


Therefore S © wi(s1, 82)-7i(81, $2)-Y = 0 or simply S “[xi(s1, 82), 7i(81, 52)] = 0. Thus, J isa 


faithful irreducible left Z-module and L is a left primitive ring. Moreover, if x(s1,52).0.Y = 0 
implies x(s1, 52).T.Y.T.a(s1, 52) = 0. Since Y is prime one gets x(s1, 52) = 0. Therefore Y is a 


primitive [-ring. Hence the theorem. 


63 


64 Lakshika Chutani, Garima Manocha and Niraj Kumar No. 1 


Theorem 2.5. Jf Y is a primitive D-ring with minimum condition on left ideals then 
Y = Y.1(81, 82)-€1(51, 82) + Y.72(81, $2).€2(81, 82) +... + Ye (51, 82)-€% (81, $2) (direct sum) 


where €,.Yk,-Ck; = ek, and €x,-Yk;-€r; =Oif i> 7 where Y.7;(s1, 82).€;(S1, 82) are minimal left 
ideals of Y. 


Proof. Let J, = Y.71(s1, $2).€1(1, $2) be a minimal left ideal of Y where ex, .Yx,-€k, = ek, and 
let Y¥, = {y(s1, 52) © Y : y(s1, $2).¥1(81, $2).€1($1, $2) = 0}. Each a(s1, 52) € Y has the form 


a(s1, $2) = a($1, $2).¥1(S1, $2)-€1($1, $2) + {a(s1, $2) — a(S1, 2).71(S1, $2)-€1(51, $2) }. 


This implies 
Y = Y.91(81, $2)-€1($1, 82) + Yi (direct sum) 


If Y; 4 0, then by the minimum condition, Y; contains a minimal left ideal Y.y2(s1, 52).€2(81, $2) 
of Y where €;,.Yk.-€ky = €ky and €x,.Yk,-€k, = 0. This implies 


Y = Y.71(81, $2)-e1(1, 82) + Y-72(s).€2(81, $2) + Yo (direct sum) 


where Y2 = {y(81, 82) € Yi : x(51, 82).72(S1, $2)-€2($1, $2) = 0}. Continuing this process we find 
that Y;, = 0 for some positive integer k. Thus, 


Y = Y.91(81, 82)-€1(51, 82) + Y.72(81, $2)-€2($1, 82) +... + V-¥K (81, $2).€& (81, 82) (direct sum). 


Theorem 2.6. Let Y be a left primitive T-ring and let J be a non-zero left ideal of 
Y. If e(s1, $2).y(S1, $2).e($1, 82) = e($1, 82) # O where e(s1,52) € Y and ¥(s1, 82) € T then 
e(81, $2).y(S1, $2).J #0. 


Proof. Let N be a faithful irreducible left Z-module where L is the left operator ring of Y. By 
the primitivity of Y, we have [J,T]N = N. Now, suppose on the contrary e(s1, $2).7(S1, $2).J = 
0. Then 


[e(s1, $2), Y(S1,52)IN = [e(s1, $2), (81, sa) [Z,T]N 
[e(s1, $2)-¥(S1, $2). J, TN 
= 0. 


l 


Since NV is faithful implies [e(s1, s2), y(s1, $2)] = 0. Now, 
e(81, 2) = e(S1, $2).7(S1, $2)-e(81, $2) = [e(S1, $2), (1, 82) ]e(s1, 82) = 0 


which is a contradiction therefore e(s1, $2).y(s1, $2).J 4 0. 


Theorem 2.7. If Y is a primitive D-ring with minimum condition on left ideals then Y 


is simple. 
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Proof. We know that, 
Y = Y.71(81, 82)-€1(81, 82) + Y.72(S1, $2)-€2(81, 82) +... + Y.7e(81, $2)-€x ($1, 82) (direct sum) 


where €,;.Yx;-€k; = ek, and ex,.Ye;-ex,; = 0 if i > j where Y.7;(s1, 82).e:(s1, $2) are minimal 
left ideals of Y. Let J be a non-zero ideal of Y. Each x(s1,s2) € J has the form 


x(s1, $2) = x1(S1, 82).71(81, 82).€1(S1, $2) + x2(S1, 82).72(S1, 82).€2(S1, $2) seats 
+p (81, 82)-Yk (81, $2)-€k (81, 82) 
where 2;(s1, 82) © Y (¢ = 1,2,3,....,k). Assume that 
Lp(S1, $2).Yp(S1, $2)-€p(S1, 82) +... + Le (81, $2)-Ve (81, $2)-en ($1, 52) € J where 1 <p<k. 
Then {2p(81, $2)-Y%p(S1, $2)-€p(81, 82) +... +24 (81, $2)-Ye(S1, $2)-€n (51, 52) }Yp(81, 82)-Cp(S1, $2) € 
J which implies 
Lp(S1, $2)-Yp(S1, $2)-€p(S1, 82) € J. 
Again 
Lp41(S1, 82).Yp+1(81, $2).€p41(S1, $2) +...t UK (S1, 82)-Vk(S1, 82).€x ($1, 82) EJ. 
Hence, by induction x,(81, 82).Y%p(S1, 82)-€p(S1, 52) € J (p= 1,2,....,k). But 
Lp(S1, $2)-Yp(S1, $2)-Ep(S1, 82) ame {©p(81, $2)-Yp(S1, $2)-€p(S1, $2) }-Yp(S1, $2)-€p(S1, $2) 
€ J¥p(S1, $2)-€p(S1, 82). 

This implies 
J © Jy (81, $2).€1(81, $2) +S-72(81, $2)-€2(81, $2) + I-73 (81, $2).€3(81, $2) +. - +I. Yp(S1, $2)-€p($1, $2). 
Since, J is a two-sided ideal of Y implies J.yp)(51, $2).€p(s1, 82) C J. Hence 
J = J. (81, $2).€1(81, 82) +J.72(81, $2).€2(81, $2) +J-73(81, $2).€3($1, 82) +... +I-Yp(81, S2)-€p(S1, $2). 
We now assert that J.7p(81, 82)-€p(S1, 2) #0 for all p. For otherwise 

{€p ($1, $2)-Yp ($1, $2). J }T {ep ($1, $2)-Yp(s1, $2). J} 

= €p(81, $2)-Yp(S1, $2)-{I-T.ep (81, $2) }-Yp (81, $2) J 
= 0 


while from above, €p($1, $2).Yp(s1, $2).J #0. Thus, ep(s1, 2).Yp(s1, $2).J is a non-zero strongly 
nilpotent right ideal of Y which is a contradiction to the fact that a primitive [-ring has no 
non-zero strongly nilpotent one-sided ideal. This implies 


J.Yp(81, $2)-€p(S1, 82) = Y-Yp(S1, $2)-€p(S1, 82) 
which further implies 
J = Y.41(81, $2)-€1(51, 82) + Y.72(81, $2)-€2($1, $2) +... + V-7¢ (51, $2)-€% (81, $2) = Y. 


Thus Y is simple. Hence the theorem. 
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Theorem 2.8. For aT-ring Y with minimum condition on left ideals the conditions 


(1) Y ts prime. 


(2) Y is primitive. 
(3) Y is simple. 


are equivalent. 
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Abstract If b;|a; for every i € {1,2,---,s}, then the integer d = [Jj_, p, is called an 
exponential divisor of n = [[;_, pf > 1. The number of exponential divisors of n is denoted 
by 7°)(n). Similarly to the generalization of dz(n) from d(n), 7°?(n) can be extended to 


7 (n). In this paper, we shall establish a short interval result for the function (78 (n))7”. 
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§1. Introduction and preliminaries 


Let n > 1 be an integer. If b;|a; for every i € {1,2,--- ,s}, then the integer d = Tae? 


is called an exponential divisor of n = [[}_, p7* > 1, notation: d|.n. By convention 1|.1. 


The number of exponential divisors of n is denoted by r‘°)(n). The function 7“) is called 


the exponential divisor function. 
Wu [4] got the following result: 


S° 1 (n) = Ax + Bx? + O(28 logz), 


where 


2 
a=5 P 


For any positive integers r, Subbarao [2] proved the following result: 


Yi (rO(n))V" ~ Bex, 


n<ux 


where 


B. =TJa+ yo Sor ee) 
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For this result, Téth [3] improved it and proved a more precise asymptotic formula for the 
function (7° (n))’: 


Y_ (1 (n))” = Byax + 04 Pyr_o(log x) + O(a""**), (3) 
N<x 
where P3r_2(t) is a polynomial of degree 2" — 2 of t, u, = 3 


Let r > 1 be a fixed integer. Zheng [5] proved that the asymptotic formula for the function 


(11) (n))-*: 


S- (7 (n))-? = Dyw + 2? log? ~? yu d;(r) log~4 x + O(log-*~! a) (4) 
nN<ax 
holds for any fixed integer N > 1, where do(r), dy - --» ,dy(r) are computable constants, and 
— (r(a))" — @e-1))* 
Dy, = ][¢ ar ys pa ). 
p a=2 


Similarly to the generalization of dy(n) from d(n), T°) (n) can be extended to rf) (n). We 
established the following definition: 


Tn 
= dy ( (aj), ),k > 2. (5) 


a4 ||n 


Obviously if k = 2, then 8) (n )= 7) (n). oe ) is obviously a multiplicative function. 
The aim of this paper is to study the short interval case of (7. £) (n ))-" and prove the 


following. 
Theorem. If 25+? < y < x, then 
DY GP" = Ay + Oya *¥ +2848, (6) 
a<n<at+y 


Aye 
where A, = Res,—1G(s) and G(s) = °° esc 


n=1 
Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 


Suppose that 1 <a < b are fixed integers, the divisor function d(a, b; k) is defined by 


dati = ys <4. (7) 


k= nen’ 


The estimate d(a,b; k) < k® will be used freely. 


§2. Some lemmas 


In order to prove theorem, we need the following lemmas. 


Lemma 1. Support s = 0 + it is a complex number, then we have 


Ss (73 “(n))" = ¢(s)¢? "—1(28)¢-° (4s)G(s), (8) 


where cp = ae + 3 —6-" > 0 and the Dirichlet series G(s) := 7%, &@ is absolutely 


n 
convergent for Rs > z. 
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(n) with a negative r-th power 


69 


Proof. By Euler’s product formula, we can get 


SS ry (a eS a OE es 
= ns : ps ps pes pss 
(d3(1))~" _, (ds(2))~" _ (ds(3))~"_, (ds(4))7" , (ds(5)) 
= II (1 _ ps ' ps a ps ; pts zi prs ave 
P 
7 Te ee gee ae 
-Il 14 ei ae | ae T pyle aps 
ee ee eae 
=¢(s) [J (14 ! bos 
COG ee 
r 1 \3-r ne es 
=¢(s)¢? —!(2s Vi) (14 +) 
ste TT - er 
= ¢(s)¢* ~*(2s)¢~% (48)G(s), 
(9) 
where c, = a + 3-67" and the Dirichlet series G(s) := 7°, an) is absolutely convergent 


for Rts > z 


Lemma 2. Let k > 2 be a fixed integer, 1 < y < x be large real numbers and 


B(x, y;k,€) = 


ys 


1. 


a<nm*<a+y 
€ 


m>x 
Then we have B(x, y;k,e) «K yx + att loge. 


Proof. This Lemma is a result of k-free number [1]. 


Let a(n),b(n),c(n) be arithmetic functions defined by the following Dirichlet series for 


Rs > 1. 
>» O - ciate, 
ss A) _ 1025), 
9 ) _ ¢-e(49), 


Lemma 3. Let a(n) be an arithmetic function defined by (10), then we have 


D a(n) = Are + O(@*), 


nN<u 


where Ay = Ress,=1C(s)G(s). 
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(10) 


(11) 


(12) 
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Proof. Using Lemma 1, we have 


S- lg(n)| << gate, 


n<ux 


Therefore from the definition of g(n) and (10), it follows that 


Lain) = YF ole) = Late) Y= La + 00) = Ave +O), 


n<ux mn<x n<x m<e na 


and A; = Ress=1¢(s)G(s). 


§3. Proof of the Theorem 


From Lemma 3 and the definition of a(n), b(n), c(n), we get 


(r6(n))-" = $2 a(n) b(na)e(ns), 


and 
a(n) <n® b(n) Kn® cn) Kn®, 
so we have 
YS OPO) -S Hw) = LY aadoina)e(ns) = +000 +), 
nsxt+y n<x xr<nyn3n$<a+y 1 2 3 
(13) 
where 
S> = So O(na)e(ns) S- a(n), 
a pasa 
~~ S> |a(m1)b(n2)e(ns)], 
2 a<nining<at+y 
no>x* 
= Se |a(n1)b(m2)e(ns)|. 
3 a<nyn3ng<at+y 
ng >a 
In view of Lemma 3 
y ae 
= YS bdetna) [Arg +0 say) 
1 Hee NgN3 n2N3 
n3<ax® 
b(n c(n, 1 b(n c(n 
= A,y + O(y oa ( 2) > ( 3) ) 4 Ofebt= S- a) Xe sh 
e 9 - 3 5 5 
n2>% n3>«@ ng<ae Ng ng<axe Ng 
= Any + O(yx*) + O(e8**) 
= Ary + O(yx* 4+ 28+*7), (14) 


where A, = Ress=1¢(s)¢? '~1(2s)¢~°r(4s)G(s). For >, we have by Lemma 2 that 
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(e) 


Vol. 16 A short interval result for the function 73°’ (n) with a negative r-th power 


71 


S- < S- (ningng)* 


2 r<ningn3<at+y 
n2>x* 


Ka s- 1 


rn, nang <aty 
ng>x* 


< 2" B(x, y;2,€) 
Ka (ya = + a5+tlogz) 
Ee lag se 
< YX 24+ 75° 2 ; 
ife <j. 


Similarly we have 


wlio 
oes 
4 
ig 


SS <K yr 24+ 2! 
3 


From (13)-(16), the theorem is proved. 


Acknowledgements 


The author wishes to thank the referee for reading the manuscript carefully and many 


valuable suggestions. 


References 


Arith. 67 (1944), 323 — 333. 
Lecture Notes in Mathematics. Vol. 251, Springer, 1972, 247 — 271. 
165 — 171. 


Nombres Bordeaux 7 (1995), 133 — 141. 


5 (2009), 85 — 90. 


71 


1] M. Filaseta and O. Trifonov. The distribution of square fulll numbers in short intervals. Acta 


2| M. V. Subbarao. On some arithmetic convolutions. In: The Theory of Arithmetic Functions. 


3] L. Téth. An order result for the exponential divisor function. Publ. Math. Debrecen 71 (2007), 


4] J. Wu. Probleme de diviseurs exponentiels at entiers exponentiellement sans facteur carré. Théor 


5] C. Zheng and L. Li. A negative order result for the exponential divisor function. Scientia Magna 


Scientia Magna 
Vol. 16 (2021), No. 1, 72-78 


Minimal and maximal open sets in ditopological 
texture space 


Senol Dost 


Department of Secondary Science and Mathematics Education, Hacettepe University 
06800 Beytepe, Ankara, Turkey 
E-mail: dost@hacettepe.edu.tr 


Abstract The aim of this paper is to introduce and study minimal and maximal open sets, 
and minimal and maximal closed sets in the context of ditopological texture spaces. Some 


properties of these notions are presented, and some results on topological spaces are given. 


Keywords Texture, Fuzzy set, Ditopology, Minimal open set, Maximal open set. 
2010 Mathematics Subject Classification 06D72, 54A05, 54D99. 


81. Introduction 


Generalized open sets are used in solving various problems in many areas of mathematics as 
well as in topology. Further,the concepts of minimal open sets and maximal closed sets in 
topological spaces are introduced by Nakaoka and Oda in [8,9]. 

The theory of texture spaces is an alternative setting for fuzzy sets and therefore, many 
properties of Hutton algebras (known as fuzzy lattices) can be discussed in terms of textures 
[1-3]. Ditopologies (dichotomous topologies) on textures unify the fuzzy topologies, topologies 
and bitopologies in a non-complemented setting by means of duality in the textural concepts 
[4,5]. In the last 10 years, some generalizations of open sets as well as some other mathematical 
concepts in ditopological spaces have been studied [6,7]. In this paper we present a discussion 


on minimal/maximal open and closed sets on ditopological texture spaces. 


In the next section, we shall briefly the basic motivation and its study for texture spaces 
and ditopologies. For more details, we refer to [1-5]. 


§2. Texture spaces and Ditopology 


Definition 2.1. Let U be a set. A texturing U of U is a subset of P(U) which is a point- 
separating, complete, completely distributive lattice containing U and @, and for which meet 
coincides with intersection and finite joins with union. The pair (U,U) is then called a tezture 


space, or shortly texture. 


For u € U, the p-sets and the q-sets are defined by 


Py = ae EulucA}, Qu= \/{A EU|u¢ A}, respectively. 
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In a texture, arbitrary joins need not coincide with unions, and clearly this will be so if and 
only if U is closed under arbitrary unions. In this case (U,U) is said to be plain. Equivalently, 
a texture (U,U) is plain if and only if P, Z Qu, Vu € U. 


We note in particular that A” = {s €¢ S| A £ Q,} is called the core of A € 8. 


In general a texturing of U need not be closed under set complementation, but it may be 
that there exists a mapping o : U > U satisfying o(0(A)) = A, VAG Uand ACB => 
o(B) Co(A), VA, B € U. In this case o is called a complementation on (U,U), and (U,U,¢) is 
said to be a complemented texture. 


Examples 2.2. (1) For any set U, (U, P(U), 7), (A) =U\A for A CU, is the complemented 
discrete texture representing the usual set structure of U. Clearly, P,, = {u}, Qu =U \ {u} for 
allu€ U. 


(2) Let L = (0,1), £ = {(0,r] | r € [0, 1]} and A((0,r]) = (0,1 —7r], r € [0,1]. Then (LZ, £, A) is 
complemented texture space. Here P, = Q, = (0,r] for all r € L. 

(3) For I = [0,1] define J = {[0,¢] | ¢ € [0,1)} U {[0,t) | ¢ © [0,1]}, e([0,¢]) = [0,1 —t) and 
u([0, #)) = [0,1 — ¢], t € [0,1]. (1,J,c) is a complemented texture, which we will refer to as the 
unit interval texture. Here P, = [0,t] and Q; = [0,t) for allt € I. 

(4) Let U = {a,b,c}. Then U = {U, {b}, {b,c}, 0} is a texturing on U. Here, P, = U, P, = {b}, 
P. = {b,c} and Q, = {b,c}, P, = 0, Q. = {b}. The mapping o : U — U defined by o(U) = 9, 
a(0) =U, o({b}) = {b,c}, o({b, c}) = {b} is a complementation on (U,U). 


Definition 2.3. A ditopology on a texture (U,U) is a pair (7, «&) of subsets of U where the set 
of open sets T and the set of closed sets K satisfy 


U, 0 €7, U,WeEK 
G,,GoET => Gi NG €7T, ky, Ko€K = Ky UKER 
Geriel =» \VVGier, Kieniel = ()Kien. 


tel wel 


Hence a ditopology is essentially a” topology” for which there is no a priori relation between 
the open and closed sets. If (7, «) is a ditopology on (U, U) then ($8, 7, «) is called ditopological 
texture space or shortly, ditopological space. 


Examples 2.4. (1) For any texture (U,U) a ditopology (7,«) with 7 = U is called discrete, 
and one with « = U is called codiscrete. 


(2) For any texture (U,U) a ditopology (7, «) with 7 = {@,U} is called indiscrete, and one with 
& = {0,U} is called co-indiscrete. 


(3) For any topology J on X, (J,7°), T° ={X \G|G eT}, is a complemented ditopology on 
(X, Xi Tx). 


(4) m = {[0,r)|0<r < 1}U {I}, «qr = {[0,r] | 0 < r < 1} U {0} defines a complemented 
ditopology, called the natural ditopology on (I,J, +). 
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Note that there is no relation between open and closed sets of a ditopology. However, if o is 
a complementation on (U,U) and « = o(r), then we say (7,«&) a complemented ditopology on 
(U,U,¢). 


For A € U we define the closure and the interior of A under (7, «) by the equalities 
int(A) =\/{G er |GC A}, cl(A)=( {Ken |AC K} 
Definition 2.5. Let (7, «) be a ditopology on (U,U). 


(i) If wu € U’, a neighbourhood(nhds) of u is a set N € U for which there exists G € T 
satisfying P, CGC N € Qu. 


(ii) If uw € U, a coneighbourhood(conhds) of u is a set M € U for which there exists K € Kk 


satisfying P, MC K C Quy. 


We denote the set of nhds (conhds) of u by 7(u)(u(u) ), respectively. We will also refer to 
(n(u), u(u)), u € U? as the dinhd system of (r, «). 


Finally, we also recall from [6,7] the some classes of ditopological texture spaces: For a ditopo- 
logical texture space (U, U, 7, «): 


1. A € Wis called pre-open (semi-open) if A C intclA (A C clintA). 


2. B €& is called pre-closed (semi-closed) if clintB C B (intclB C B). 


§3. Minimal and Maximal Open Sets in Ditopological Spaces 
Definition 3.1. Let (U,U,7,«) be a ditopological texture space. 

(1) A set A € 7 \ {0} is called minimal open if G C A, then G= 9, or G= A for all G Er. 

(2) Aset BE 7\{U} is called maximal open if B C H, then H =U, or H = B for all H €r. 


We denote by MNO(U,U,7,«), or when there can be no confusion by MNO(U) or even just 
MNO, the set of minimal open sets in U. Likewise, MXO(U,U,7,«), MXO(S) or MXO will 
denote the set of maximal open sets. 


Lemma 3.2. Let (U,U,T,«) be a ditopological texture space. Then: 
(i) If AE MNO and B €7, then ANB=90 or ACB. 

(ii) If A,B E MNO, then ANB=90 or A=B. 

(iit) If AE MXO and Bet, then AUB=U or BCA. 


(iv) If A,B © MXO, then AUB=U or A=B. 
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Proof. (i) Suppose that AN B #4 @. Since A is minimal open set and ANB er and ANBC A, 
we have AN B= A, andso AC B. 


(ii) Let AN B#. Then A C B and BC A by (i), and so A= B. 


(iii) Suppose that AUB # U. Since A is maximal open set and A C AUB, we have AUB = A. 
Therefore B C A. 


(iv) Let AUB #U. Then AC B and BC A by (iii), and so A= B. 


Note that the set of open (closed) nbhd of wu will denote by 7,(u) (n.(w) ). 
Proposition 3.3. Let Ac MNO. If AZ Qu and N € 7,(u), then A is proper subset of N. 


Proof. Suppose that N € 7,(u), but A ZN. Then AN N € 7 and ANN is proper subset of A 
and AN N #9. This is a contradiction, since A is minimial open set. 


Now we consider any topological space (U,J). Then the pair (J, 7°) is a complemented 
ditopology on the discrete texture (U, P(U), 7) (see Examples 2.2 (3)). For ACU andueé U, 
we have: 

cl(A) Z Qu == ANN FO, VNEn(u). 


by the closure definition. 


Note that we will consider (U, P(U),7,T7°) ditopological space throughout this subsection. 


Proposition 3.4. Let Ac J. The following are equivalent. 


(i) AE MNO. 

(ii) AC cl(B) for every B € PU) \ {0} and BCA. 
(iii) cl(A) = cl(B) for every BE PU) \ {0} and BC A. 
Proof. (i) => (ii) Let B € P(U) \ {0} and B C A. Suppose that A Z Cl(B). Then there exist 
u €U such that A Z¢ Q, and P, ¢ cl(B). Then if A ¢ Q, then P, C A and so ue A. Now let 
N € nz(u). Then 

B=ANBCNNB 

and so NM B #@. Hence we have cl(B) ¢ Q,, that is u € cl(B). This contradicts P,, C cl(B). 


(ii)— => (iii) Let B € P(U) and B C A. Then cl(B) C cl(A). Further, by (ii), cl(A) C 
cl(cl(B)) = cl(B). Then we have cl(A) = cl(B). 
(iii) ==> (i) Let A € J be a not minimal set. From the Definition 3.1, there exists B € T \ {O} 


such that B C A and B # A. Hence A ¢ Q, and P, ¢ B for some u € U. Then we have 
Bee TJ and BS £ Qu, and so cl({u}) C B°. It follows that cl({u}) 4 cl(A). 


Proposition 3.5. If AG MNO and? #4 BC A, then A is preopen set. 
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Proof. Suppose that A is minimal open set and § # B C A. Then int(A) C int(cl(B)), by 
Proposition 3.4 (2). It follows that we have B Cc A = int(A) C int(cl(B)), since A is open 
set. 


Proposition 3.6. Let AG MXO, andU\ AZ Quy for someueU. ThenU\ ACN for any 
NE ny(u). 


Proof. Suppose that U\ A Z Quy. Then u € U\ A, and so N C A for any N € ns(u). By 
Lemma 3.2 (iii), V = NUAandsoU\ ACN. 


Corollary 3.7. Let AG MXO. Then either of the following (i) and (it) is provided: 
(i) I[U\ AZ Qu for some u€ U, then N =U for all N € nzx(u). 
(it) There exists a set GET\{U} such thatU\ ACG. 


Proof. We suppose that (i) does not provided. Then there exists u € U and N € nz(u) such 
that P, Z A and N CU. By Proposition 3.6, we have U \\ AC N. 


Corollary 3.8. Let A€ MXO. Then either of the following (i) and (it) is provided: 
(i) I[U\ AZ Qu for some ue U, thenU\ ACN for all N € nz(u). 
(ii) There exists a setG ET such thatU\ A=G#U. 


Proof. We suppose that (ii) does not provided. By Proposition 3.6, we have U \ A CN, for all 
U\A€ Qy and N € nz(u). It follows that we have U\ ACN. 


Proposition 3.9. Let AG MXO. The following are satisfied. 
(i) int(U \ A) =U\ A or int(U \ A) = 9. 
(ii) If OA BCU\A, then cl(B) =U\ A. 

(wii) If AC B, then cl(B) =U. 

Proof. (i) It is obtained immediately by Corollary 3.8. 


(ii) Let 0 A B CU\ A. By Proposition 3.6, we have NOB #0 for U\ A Z Qy and N € nz(u). 
Hence, U\ A C cl(B). Since U\ A € T° and B C U\ A, we obtain that cl(B) C d(U\ A) =U\A, 
and so cl(B) =U \ A. 


(iii) Let A C BCU. Then there exists 0 4 M CU \ A such that B= AUM. By (ii), we have 
cl(B) = cl(A) Ucl(M) D (U\ A) UA=U. Hence, cl(B) =U. 


Proposition 3.10. Let AG MXO. The following are satisfied. 
(i) If B is a proper subset of U and AC B, then int(B) = A. 


(ii) If OA BCU\A, then U \ el(B) = int(U \ B) = A. 
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Proof. (i) If B = A, then int(B) = int(A) = A. Now, suppose that B # A, and so AC B. 
Then A C int(B). It follows that we have int(B) ¢ A, since A is maximal open set. Hence, 
int(B) = A. 


(ii) By Proposition 3.9 (ii) and the above (i), the proof is obvious, since AC U\ BCU. 
Corollary 3.11. If AG MXO and AC B, then B is a preopen set. 


Proof. If B = A, then B is an open set, hence it is preopen set. Suppose that A C B. By 


Proposition 3.9 (iii), we have int(cl(B)) = intU =U D B. Hence, B is a preopen set. 


§4. Minimal and Maximal Closed Sets 


Definition 4.1. Let (U,U,7,«) be a ditopological texture space. 


(1) A set A € « \ {O} is called minimal closed if F C A, then F = 9, or F = A for all F Ek. 


(2) A set B € « \ {U} is called maximal closed if B C H, then H = U, or H = B for all 
HEK 


We denote by MNC(U,U,7,«), or when there can be no confusion by MNC(U) or even just 
MNC, the set of minimal closed sets in U. Likewise, MXC(U,U,7,«), MXC(S) or MXC will 
denote the set of maximal closed sets. 


The proof of the next results is omitted, since it is obtained by an argument similar to the proof 
of Lemma 3.2. 


Lemma 4.2. Let (U,U,T,#«) be a ditopological texture space. The following are satisfied. 
(i) If AE MNC and BE x, then ANB=90 or ACB. 
(ii) If A,B Ee AEC MNC, then ANB=9 or A=B. 
(iit) If AE MXC and Bek thn AUB=U or BCA. 
(iv) A,BE AE MXC, then AUB=U or A=B. 
Proposition 4.3. Let (U,U,7,«) be a ditopological space. 
(a) Let AG MNC and {Aj}je7 C MNC. Then: 
(i) If ACV je, Aj, then there exists k € J such that A= Ax. 
(ti) If A# Ax for some k € J, then (Vie; Aj) NA =D. 
(b) Let AEC MXC and {Ajhje7 C MXC. Then 


(tit) If jez Aj CA, then there exists k € J such that A= Ag. 
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Proof. (i) Let AC Vj, Aj. Then A= AN (Vie, Aj) = Vies(AN Aj). By Lemma 4.2 (ii), if 
A # A; for some j € J, then ANA; = 0, and so 0 = VV j;¢)(ANA;) = A. This is a contradiction, 
since A is minimal closed set. It follows that there exists k € J such that A = A,. 

(ii) Suppose that (Vj.,A;) A #0. Then there exists k € J such that A, A 4 0. From 
Lemma 4.2 (ii), we have Ay = A, but it is a contradiction. 

(iii) Let ();-<7Aj; C A-Then A = AU (()j¢7 Aj) = Nyjes(AU Ay). If AU Ax = U for some 
k € J, then we have U = f),.;(AU Aj) = A.It foolows that we have a contradiction, since A 
is maximal closed set. Thus there exists 7 € J such that AU.A,; #4 U.By Lemma 4.2 (iii), the 
result is obtained. 


Proposition 4.4. Let (U,U,0,7,«) be a complemented ditopological space and A € U. 
(i) A is a minimal closed set if and only if o(A) is a maximal open set. 
(ii) A is maximal closed set if and only if o(A) is a minimal open set. 


Proof. (i) Suppose that A is a minimal closed set. Then A 4 @ and a(A) € x \{U}. Now 
let H € 7 and o(A) C H. From the complemented ditopology, we have o(H) € « and 
o(H) © o(o(A)) = A. Since A is minimal closed set, o(H) = 0 or o(H) = A. Then it is 
obtained H = oo(H)) = o(es) =U or H = o(o(H)) = o(A). 


(ii) The proof is obtained by an argument similar to the proof (i). 


References 


1] L. M. Brown and M. Diker. Ditopological texture spaces and intuitionistic sets, Fuzzy sets and 
systems 98, (1998), 217-224. 


2] L. M. Brown and R. Ertiirk. Fuzzy Sets as Texture Spaces, I. Representation Theorems, Fuzzy 
Sets and Systems 110 (2) (2000), 227-236. 


3] L. M. Brown and R. Ertiirk. Fuzzy sets as texture spaces, II. Subtextures and quotient textures, 
Fuzzy Sets and Systems 110 (2) (2000), 237-245. 


4) L.M. Brown, R. Ertiirk and § Dost. Ditopological texture spaces and fuzzy topology, I. Basic 
Concepts, Fuzzy Sets and Systems 147 (2) (2004), 171-199. 


5] L.M. Brown, R. Ertiirk and § Dost. Ditopological texture spaces and fuzzy topology, II. Topological 
Considerations, Fuzzy Sets and Systems 147 (2) (2004), 201-231. 


6] S. Dost. Semi-open and semi-closed sets in ditopological texture spaces, J. Adv. Math. Stud. Vol. 
5 (2012), No. 1, 97-110. 

7| S$. Dost, L. M. Brown and R. Ertiirk. G-open and 6-closed sets in ditopological setting, Filomat, 
24:2 (2010), 11-26, DOI: 10.2298/FIL1002011D. 


8] F. Nakaoka and N. Oda. Minimal closed sets and maximal closed sets, Int. J. Math. Math. Sci., 
(2006), 1-8. 


9] F. Nakaoka and N. Oda. Some applications of minimal open sets, Int. J. Math. Math. Sci., 
27 (8)(2001), 471-476. 


78 


Scientia Magna 
Vol. 16 (2021), No. 1, 79-83 


The mean value for the function (¢ (n))° over 


square-full numbers 
Fuxia Xu 


School of Mathematics and Statistics, Shandong Normal University 
Jinan, Shandong, China 


E-mail: xufuxia20Q@stu.sdnu.edu.cn 
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2 
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§1. Introduction and preliminaries 


An integer n is a full square number if p is the prime factor of n, then p|n, that is, its 


prime factorization formula must have the following form 
n = pips? pes, (ay = 2, a2 = 2,°°° As = 2). 


Let n > 1 be an integer, n = []3_, p**, d = []_, p}', where b;|a;. The integer d is called 
an exponential divisor of n if bj|a;, i € {1,2,--- ,s}, notation: d|.n. By convention 1|.1. If all 
exponents @1,Q2,:-: ,@, are squarefree, the integer n > 1 called e-squarefree. Now we consider 
the exponential squarefree exponential divisor of n, if b;|a;, 7 € {1,2,--- ,s} and bi, b2,--- , bs 
are squarefree, then d = []°_, p?' is an e-squarefree e-divisor of n = [[3_, p%*. Note that the 
integer 1 is e-squarefree but is not an e-divisor of n > 1. 

Let t©)(n) denote the number of e-squarefree e-divisoe of n. We know that t{°)(n) is 
multiplicative and if n = [];_, p7’ > 1,7 € {1,2,--- , s}, then (see [4]) 


ENV Qe sn Bee). 


where w(n) denote the number of distinct prime factors of n, with w(1) = 0 and w(n) = s. In 


particular, for each prime p, 
t (p) = 1, 4 (p?) = ©) (p?) = 4 (p*) = 1 (p?) = 2, © (p*) = 4,---. 
The Dirichlet series of t((n) is of form 


St (n 


= ¢(s)¢(2s)V(s), Rs > 1, 


nm 
n=1 
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v(n) 


1 
constant ¢, Toth [4] showed that 


is absolutely convergent for kts > i For a sufficiently small positive 


where V(s) = 


iMs 


S- 0©) (n) =Cix+ Cox? + R(x), (1) 


nN<u 


where 


cae w(a) w(a—1) 
a= (4 pF), 
Pp 


a=6 


caf w(a) w(a-1) _ 9w(a—2) w(a—4) 
on e(S)IT (1+? 2 2 +2 i 
Pp a= 


pz 


and R(x) = O(x1+*). Suppose RH is ture, then in Liu and Dong [2] it is proved that R(x) = 
O(x25+*). 

Many scholars are interested in researching the divisor problem, and they have obtained a 
large number of good results. However, there are many problems have not been solved. 

In this paper, we will use the complex integration method to estimate the mean value of 
(¢) (n))” over square-full numbers, that is 


2 


YY Mw) =F (wm) so, 


na n<x 
nis square— full 


where f(n) is the characteristic function of square-full integers, i-e., 


fier 


0, otherwise. 


nis square-full, 


We establish the following theorem. 
Theorem 1.1. For any e > 0, then we have 


2 
SX (t(n))” = 24 (P,(oger)) + 23 (Py(loge)) + O(@**), 0) 
n<ux 

where 09 = Ser = 0.272--- , and P,(logx),k = 1,2 are polynomials of degree 1 in log x. 


§2. Some lemmas 


In this part, in order to prove our theorem, we give some lemmas. 
Lemma 2.1. Suppose 4 <oa0<1,t>to > 2, we have 


(l~e) 


C(o +it)<t = logt. (3) 


Proof. This lemma can be founed in Titchmarsh [3]. 
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Lemma 2.2. Suppose 4 <o< 1, define 


ae ee 
MOL Fa agy 2B! ' 
12408 3 5 (4) 
m(o) = ’ < o < Rp? 
(4537 — 4890c)’ 4 6 
then for any € > 0, we have 
T 
i) | Clo + it) [™) dt < THE, (5) 
1 
Proof. This lemma can be found in Ivié [1]. 
§3. Proof of Theorem 1.1 
Let 
2 (¢(©)(n))” 1 
= — = 6 
FO) = ae > 5 (6) 


For ¥ts > T since t°)(n) is a multiplicative function, than we use Euler product formula and 
get 


F)= > (#6 ¢m))" => (0)? Fo 


n=1 n=1 
nis square— full 


-T(: OOP), COMP) , OMNI | . 


3 ps p s pes 
7 (1 a Dit 5, A 1 ) 
Z 2s ps pts pes pes 
3 4 12 
= (2s (1+ tatet 
( HU pes pes pos (7) 
4 6 12 20 
= (4(28 (1. so) 
U pes pss prs pes 
3 6 12 16 
— £4 | | 
= cH20)89)T] (+ 5-5-5454...) 
6 12 
= (4(2s)¢4(38 (1- aes ) 
)¢ ( HU pts pes 
= ((28)¢"(35)G(s), 


where G(s) = 5> 22, G(s) is absolutely convergent for Rs > ;- Then 


- | g(n) |« wit, 


nN<ux 
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By Perron’s formula, we have 


oy («© (n)). re ¢4(28)C4(3s)G(s) “ds +0 (=) (8) 
Ss T : 


2nt Joi 


n<u 


where b = 5 +e, T = x°, c= 5. We move the line of integration to Rs = 09, 7 < 70 < 3, whose 
exact value will be determined later. According to the residue theorem, we get 


S(xr) = ax? (P, (log z)) + 13 (P2(log z)) +1,+1Ig,+1I3+0O0(1), 


where 
1 ootiT P i x8 
Leo ¢*(2s)¢*(3s)G(s) —ds, 
200 Jog—iT 8 
n= f° cesctena.y@a 
a ope sd 8 s)G(s)—ds, 
1 b+iT r ri es 
=a | pS 2MBSIG(s) ds 


Applying Lemma 2.1, we can obtain 


1 


2 
Ih+I3< vy. |C(20 + 2éT)|* |C(30 + 3iT)|* 2° T-1do 
o0 
< peteT ee te (9) 
<1, 
if og > a where s =o + it. On the other hand, we have 
T 
I, <a” i |C(2o9 + 2it)|* |C(3aq + Bit) |? that. (10) 
1 


According to the partial integral formula, it suffices to prove that 


T baad ee 
i= f |C(2o9 + 2it)|* |¢(30 + 3it)|* dt re 


< Tite. 


Let p > 0, q > O are real number satisfying ota = 1. According to the Hélder’s inequality, 


we have 


T z wa qd 
Tg (/ |¢4 (200 + 2it)|” i) (/ |¢4(300 + 3ét) |” i) (12) 
1 1 


Let 4p = m(200), 4q = m(300) satisfying 


4 4 
mae) Ga)” (13) 


applying Lemma 2.2 we can get (11), if o9 = $k = 0.272--- 


Thus we complete the proof of Theorem 1.1. 
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81. Introduction 


Algebra (from Arabic: al-jabr, meaning ”reunion of broken parts and ” bonesetting) is one 
of the broad parts of mathematics, together with number theory, geometry and analysis. In its 
most general form, algebra is the study of mathematical symbols and the rules for manipulating 
these symbols; it is a unifying thread of almost all of mathematics. It includes everything from 
elementary equation solving to the study of abstractions such as groups, rings, and fields. The 
more basic parts of algebra are called elementary algebra; the more abstract parts are called 
abstract algebra or modern algebra. Elementary algebra is generally considered to be essential 
for any study of mathematics, science, or engineering, as well as such applications as medicine 
and economics. Abstract algebra is a major area in advanced mathematics, studied primarily 
by professional mathematicians. Several algebraic structure have been introduced in the recent 
past. Iseki and Tanaka [6], introduced a class of abstract algebra: BCK-algebra. Also Imai and 
Iseki [5], dealt about BCI-algebras. Then, Hu and Li [4], have given the notion of BCH-algebra 
which is the generalization of BCI and BCK-algebras. Neggers et.al [9, 10, 11] introduced 
the notions of B-algebras, Q-algebras and d-algebras. In 2010, Megalai and Tamilarasi [47], 
introduced TM-algebra. During 2011, Keawrahun and Leerawat [7] introduced new structured 
algebra called SU-Algebra. The concept of a fuzzy set was introduced by Zadeh [48]. In 1986, 
Atanassov [2] introduced the notion of intuitionistic fuzzy sets as a generalization of fuzzy 
sets. Muralikrishna and Chandramouleeswarna [8] introduced the notion of intuitionistic fuzzy 
SU-subalgebra. Triangular norms and conorms are operations which generalize the logical 
conjunction and logical disjunction to fuzzy logic. They are a natural interpretation of the 
conjunction and disjunction in the semantics of mathematical fuzzy logics [Hjek (1998)] and 


they are used to combine criteria in multi-criteria decision making. The author by using norms, 
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investigated some properties of fuzzy algebraic structures [12-46]. In this paper, by using norms 
(T and C) a new notion of intuitionistic fuzzy SU-algebra is defined and some substructures 
are also established in this algebra. 


§2. Preliminaries 


This section contains some basic definitions and preliminary results which will be needed 
in the sequal. For more details we refer to [1, 2, 3, 7, 8, 30, 42]. 

Definition 2.1. For sets X,Y and Z, f = (fi, fo) : X > Y x Z is called a complex 
mapping if fi: X + Y and fo: X > Z are mappings. 

Definition 2.2. Let X be a nonempty set. A complex mapping A = (wa,va): X > 
[0,1] x [0,1] ts called an intuitionistic fuzzy set (in short, IFS) in X if wa +u4 <1 where 
the mappings 44 : X — [0,1] and v4 : X > [0,1] denote the degree of membership (namely 
pa(x)) and the degree of non-membership (namely va(a)) for each x € X to A, respectively. 
In particular 0x and Ux denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole 
set in X defined by 0x(x) = (0,1) and Ux(x) = (1,0), respectively. We will denote the set of 
all IF'Ss in X as IF S(X). 

Definition 2.3. Let X be a nonempty set and let A = (t4,va) and B = (up,Vp) be 
IFSs in X. Then 
(1) Inclusion: A C B iff ua < wp andva > vp. 

(2) Equality:A = B iff AC Band BCA. 
(3) UA = (Ha, Ha). 
(4) NA = (vq, va). 

Definition 2.4. A t-norm T is a function T : [0,1] x [0,1] > [0,1] having the following 

four properties: 

(T1) T(a,1) =x (neutral element) 

(T2) T(x, y) < T(a,z) ify < z (monotonicity) 
(T3) T(x, y) =T(y, x) (commutativity) 

(T4) T(x, T(y,z)) =T(T (2, y), z) (associativity), 
for all x,y, z € [0,1]. 

Example 2.1. (1) Standard intersection t-norm T,,(x,y) = min{a, y}. 
(2) Bounded sum t-norm Th(x, y) = max{0, x + y — 1}. 


(8) algebraic product t-norm T,(«,y) = xy. 
(4) Drastic t-norm 
y ifx=1 
Tpo{z,y)=4 « ify=1 


0 otherwise. 


(5) Nilpotent minimum t-norm 


Pate) min{z,y} ifety>1 
nM\2,Y) = 
0 otherwise. 
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(6) Hamacher product t-norm 


0 tfx=y=0 
TH, (x, y) oa xy ‘ 
xara otherwise. 
The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest 
t-norm: Tp(a,y) < T(x, y) < Tmin(z, y) for all x,y € [0, 1]. 


Lemma 2.1. Let T be at-norm. Then 


T(T(a, y), T(w, z)) = T(T(a, w), Ty, z)), 


for all x,y, w,z € [0,1]. 
Definition 2.4. A t-conorm C is a function C : [0,1] x [0,1] + [0,1] having the following 
four properties: 
(C1) C(x2,0) =a 
(C2) C(x,y) < C(a, 2) ify <z 
(C3) C(x,y) = Cy, «) 
(C4) C(#,C(y,2)) = C(C(a,¥),2) , 
for all x,y, z € [0,1]. 
Example 2.2. (1) Standard union t-conorm Cyp(«%,y) = max{z, y}. 
(2) Bounded sum t-conorm Ch(x,y) = min{1,x + y}. 
(3) Algebraic sum t-conorm C,(x,y) =x@+y— cay. 
(4) Drastic T-conorm 


y fx=0 
Co(z,y)=4 « ify=0 
1 otherwise, 


dual to the drastic T-norm. 


(5) Nilpotent mazimum T-conorm , dual to the nilpotent minimum T-norm: 


hac) max{z,y} ifaty<1 
nM\2,Y) = 
1 otherwise. 


(6) Einstein sum (compare the velocity-addition formula under special relativity) Cu,(x,y) = 
cu+y 
1+ay 
mazimum and the drastic t-conorm: Cmax(%,y) < C(z,y) < Cp(2,y) for any t-conorm C and 
all x,y € [0,1]. 

Recall that t-norm T( t-conorm C) is idempotent if for all x € [0,1], T(a,x) = «(C(a,x) = 


Lemma 2.2. Let C be at-conorm. Then 


is a dual to one of the Hamacher t-norms. Note that all t-conorms are bounded by the 


C(C(a, Y); Clw, z)) = C(C(z, w), Cy, z)), 
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for all x,y, w,z € [0,1]. 
Definition 2.5. Let A = (4a,va) € IFS(X) and B = (up,ve) € IFS(X). Define 


intesection A and B as 
AN B= (wa, va) A (UB, YB) = (ANB, YANB) 


such that wane (x) = T(wa(x), we(2)) and vang(x) = C(va(x),ve(y)) for alla € X. 
Definition 2.6. Let y be a function from set X into set Y such that A = (ua,va) and 

B= (up,vp) be two intuitionistic fuzzy sets in X and Y respectively. 

For alla € X,y € Y, we define 


p(A)(y) = (p(Ha)(y), e(va)(y)) 
(sup{wa(x) | x € X, p(x) = y},inf{va(x) | 2 eX, g(x) =y}) fo tywsé 
(0, 1) af p*(y) = 


Also p~*(B)(«) = (p~*(ua)(x), 9? (¥B)(2)) = (ua (Y(2)), vB(Y(2))). 

Definition 2.7. A SU-algebra is a non-empty set X with a consonant 0 and a single 
binary operation « (denoted by (X,*,0) ) satisfying the following axioms for any x,y,z © X: 
(1) (ay) * (a2) « (y*2) = 0, 

(2)a*x0=2, 
(3) ifuxy =0, then x = y. 

Definition 2.8. A non-empty subset S of a SU-algebra X is said to be a subalgebra if 
zxy€S for allz,y € S. 

Definition 2.9. A function f : X > Y of SU-algebras X and Y is called homomorphism 


if f(a *y) = f(x) * f(y) for all x,y € X. 


§3. Norms over intuitionistic fuzzy SU-subalgebras 


Definition 3.1. A fuzzy subset uw: (X,*,0) > [0,1] in a SU-algebra (X,*,0) is said to 
be a fuzzy SU-subalgebra of X under t-norm T if u(a*y) > T(u(x), u(y)) for alla,y € X. We 
denote the set of all fuzzy SU-subalgebras of X under t-norm T by FSUT(X). 

Definition 3.2. Let A = (ua,va) € IFS(X) in a SU-algebra (X,*,0). We say that 
A= (t1a,V4) is fuzzy SU-subalgebra of X under norms (T,C) if 
(1) pala *y) 2 T(Ma(x), waly)) and 
(2) vale*y) < Cale), valy)) 
for all x,y € X. We denote the set of all intuitionistic fuzzy SU-subalgebras of X under norms 
(T,C) by IFSUN(X). 

Example 3.1. Let X = {0,1,2,3} be a set with the following table: 
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eo © DO RTR 
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0 
1 
2 
3 


Then (X, *,0) is a SU-algebra. Define fuzzy subset pw: (X,*,0) > [0,1] as 


0.1 
0.2 
0.3 
0.4 


u(x) 


and let T be algebraic product t-norm as T,(a, b) = ab for all a,b € [0,1]. Then p € FSUT(X). 
Also let A= (wa,va) € LF'S(X) in a SU-algebra (X,*,0) such that 


0.2 
0.3 
0.4 
0.45 


La(2) 


and 


0.3 
0.4 
0.5 
0.55 


v(x) 


and let T,(a,b) = ab and C,(a,b) = a+ b-— ab for all a,b € [0,1]. Then A = (Ma,va) € 


IFSUN(X). 
Proposition 3.1. 
A(0) D A(x) for alla € X. 


Proof. Let « € X. Then 


MA(0) = Ba(x * x) > T(Wa(2), wa(2)) = ba(2) 


and 


va(0) = va(a* x) < C(va(x), va(x)) = va(x) 


and thus 
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if x =0 
iffx=l1 
ifx=2 
ifx=3 


ifx=0 
iffx=l 
ifx=2 
ifx=3 
ifx=0 
ifx=1 
ifx=2 
ifx=3 


Let A = (wa,va) € IFSUN(X). If T and C be idempotent, then 
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Proposition 3.2. Let A = (wa,va) € IFSUN(X) and B = (up,ve) € IFSUN(X). 
Then AN B € IFSUN(X). 


Proof. Let x,y € X. Then 
(1) 


a(x), wB(x)), T(wa(y), HB(y))) 
HanB(2), LANB (y)) 


SO fanB(@* y) > T(wans(2), banB(y))- 


(2) 


C(va(x), va(y) 
VB\& 


:C(vp(x), vB(y))) 
(x)),C 


),C(vp 
),C(va(y), vB(y))) 


and then vana(x * y) < C(vans(2), Vans(y)). 
Therefore (1)-(2) give us that AN B € IFSUN(X). 


Recall that if A = (ua,va) € IFS(X), then A = (ug,vq) = (1—pwa,1—va) € IFS(X). 
Proposition 3.3. A = (f4,va) € IFSUN(X) if and only if ua € FSUT(X) and 
VAE FSUT(X). 


Proof. Let x € X. If A = (fa,va) € IFSUN(X), then pa(a xy) > T(ua(), wa(y)) and 
va(xxy) < C(va(x), va(y)). Thus 4 € FSUT(X). Also 


va(r*y) =1—va(e*y) 2 1—C(va(z), va(y)) = TI — vale), 1 — vay) = Tva(2), valy)) 
and so vg € FSUT(X). 
Conversely, let wa € FSUT(X) and vg € FSUT(X). As wa € FSUT(X) so 

wa(a*y) 2 T(wa(@), waly))- 


As vq € FSUT(X) so va(ax*y) > T(vq(x), vq(y)) then —vq(a*y) < —T(vq(x),vq(y)) and so 
l—va(ax*xy) <1—T(vq(x),vq(y)) which means that v4(a* y) < 1—-T(1 — va(x),1— va(y)) 
which implies that 

va(u*y) < C(va(x), va(y))- 
Therefore A = (wa,v4) € [FSUN(X). 


Proposition 3.4. A = (ua,va) € IFSUN(X) if and only if UA = (fa,pa) € 
IFSUN(X) andNA = (vq,va) € [FSUN(X). 
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Proof. Let « € X. Let A = (ua,va) € [FSUN(X) then 


Ma(x*xy) > T(ua(x),maly))- (a) 


and 
va(z*y) < C(va(z),valy)). (qd) 


Also 


Then from (a) and (b) we will have that UA = (f14, 4) € LF SUN(X). 
Also 


va(a*y) < C(va(z),va(y)) 
<> —va(x*« y) > —C(va(2), va(y)) 


<> 1-va(a*y) > 1— C(va(z), va(y)) 
<=> 1-va(eey) > 1- CU — vg(x),1 — vq(y)) 
<=> vqa(a*y) > T(va(a),va(y)).  (e) 


Now from (c) and (d) we get that NA = (vz,va) € [FSUN(X). 
Conversely, let UA = (uwa,uq) € IFSUN(X) and NA = (vq,va) € IFSUN(X). As UA = 
(uA, Ha) € IFSUN(X) so 


pa(x*xy) > T(wa(z),maly)) (a) 


and since NA = (vq,va) € [FSUN(X) so 


va(e*y) < C(va(x),valy))- — (b) 


Then from (a) and (b) we get that A = (14,v4) € IF SUN(X). 


Proposition 3.5. Let y be a function from SU-algebra of X into SU-algebra of Y and 
A= (pa,Vva) € IF SUN(X). Then (A) = (y(t), (va)) € IFSUN(Y). 


Proof. Let yi, y2 € Y. Then 


p(waA)(y1 * Y2) = Sup{Ha(1 * L2) | 71,22 © X, y(@71) = y1, P(L2) = yo} 
> sup{T(wa(x1), wa(w2)) | 71,22 © X, 9(@1) = 1, Y(@2) = yo 
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(sup{wa(r1) | v1 © X, y(21) = yi}, sup{wa(z2) | v2 © X, y(x2) = y2}) 


= 
= T(p(ma) (yi), P(A) (Y2)) 


T 
T 


and so 
p(wa) (yr * y2) = T(v(ma)(y1), (Ha) (y2))- (a) 
Also 


pva)(y * yo) = inf{va(a1 * £2) | 1,22 € X, 9(21) = y1, Y(2) = yo} 
< inf{C(va(21), va(x2)) | 1,02 © X, (21) = yr, y(x2) = yo} 
< Clinf{va(x1) | 21 € X, 9(@1) = yi}, inf{v4(a2) | v2 € X, p(x2) = yo}) 
= C(y(va) (41), (YA) (Y2)) 


thus 
y(va)(y * y2) < Clp(va)(y1), P(va)(y2)). — (b) 


Therefore (a) and (b) give us that y(A) = (y(f14), y(va)) € LF SUN(Y). 


Proposition 3.6. Let y be a function from SU-algebra of X into SU-algebra of Y and 
B= (up,vp) € IFSUN(Y). Then yp }(B) = (y-1(us), 9 1 (vB)) € IFSUN(X). 


Proof. Let 71,22 € X. Then 
py *(wB)(#1 * 2) = wa(y)(@1 * £2) = we((a1) * Y(a2)) 


> T(ue(y(21)), ua(o(@2))) = T(y* (us) (21), (we) (@2)) 


and then 
g *(up)(a1 * #2) > T(p*(ue)(#1), 9 *(HB)(@2)). (a) 
Also 
g*(vp)(#1 * #2) = vB(p) (#1 * £2) = VB(P(21) * Y(x2)) 
< C(va(y(@1)), va (y(e2))) = C(p™* (vB)(#1), @ (vB) (#2) 
and thus 


ge ' (vB) (41 * @2) < C(p"*(vB)(41), 9" (vB)(w2)). — (b) 


Then (a) and (b) imply that y~!(B) = (p"!(uwp), 9 '(ve)) € IFSUN(X). 


Proposition 3.7. Let A = ("a,va) € IFSUN(X) and B = (up,vp) € IFSUN(Y). 
Then Ax B= (waxp,VaxB) € IFSUN(X x Y) for every SU-algebra of X and SU-algebra of 
Y. 
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Proof. Let (1, 1), (v2, y2) € X x Y. Then 


MAx B((©1,Y1) * (G2, Y2)) = HAx B(L1 * £2, Y1 * Yo) 
= T(Ma(a1 * ©2), UB (Y1 * Y2)) 
2 T(T(wa(21), Ha(£2)), T(ua (yr), we (y2))) 
= T(T(ua(21), ua (y1)), T(Ha(@2), we (y2))) 
= T(HaxB (1,91), MAx B(©2, y2)) 


then 
HAx B((@1, 91) * (2, y2)) > T(wax B(@1, 91), MAx B(%2,Y2)). (a) 
Now 
Vax B((11, 91) * (2, Y2)) = Vax B(L1 * Lo, 41 * Y2) 

= C(va(x1 * £2), VB(y1 * y2)) 
< C(C(va(“1), va(@2)), C(ve (yi), “vB (y2))) 
= C(C(va(“1), vB(m1)), C(va(@2), UB (y2))) 
= C(vaxB(41, 91), VAx B(X2, y2)) 

thus 


Vax B((%1, 91) * (@2, Y2)) < C(vaxB(@1; Yi); VAx B(2,Y2))- — (b) 
Thus from (a) and (b) we will have that A x B= (Wayp,Vaxp) © [FSUN(X x Y). 


Proposition 3.8. Let A = (wa,va) € IFS(X) and B = (up,vg) € IFS(Y). If 
Ax B= (axe, Vaxp) € IFSUN(X x Y), then at least one of the following statements hold: 
(1) A(0) 2 Bly) for ally € Y, 

(2) B(O) D A(x) for alla e X. 


Proof. Let none of the statements holds, then we can find « € X and y € Y such that A(0) C 
B(y) and B(0) c A(a). Then pa(0) < pwp(y) and v4(0) > ve(y) and pa(x) > we(0) and 
va(x) < vp(0). Now 


MAxB(@,y) = T(Ha(x), Hay) > T(we(0), #a(0)) = T(Ha(0), #2 (0)) = wax B(0, 0) 
and 
Vax B(®,y) = C(va(2), vB(y)) < C(va(0), va(0)) = C(va(0), vB (0)) = vax 2 (0, 0) 
thus 
(A x B)(0,0) = (HaxB(0,9),¥4xB(0,0)) C (Haxe(®,y), Vax B(@,y)) = (A x B)(@,y) 


so (A x B)(0,0) c (Ax B)(az, y) and this is contradiction with Proposition 3.1 and then at least 
one of the statements hold. 
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Proposition 3.9. Let A = (j14,va) € IFS(X) and B = (up,ve) € IFS(Y). If 
Ax B= (uWaxB,VaxB) € IFSUN(X x Y) and A(x) C B(O) for alla € X. Then A = 
(Wa,Va) € IF SUN(X). 


Proof. As A(x) C B(0) so pa(z) < pp(0) and pa(y) < we (0) and pa(x*y) < we (0) = we (0*0) 
for all x,y € X. Then 


Ha(a*y) = T(wa(a * y), HB (0 * 0)) 
= Ax B((x,0) * (y,0)) 
> T(Hax (2,0), HAxB(y, 9)) 
= T(T(ua(2), Ha (0)), T(ua(y), HB (0))) 
= T(ua(2), HaA(y)) 


and thus 
ba(w*y) > T(wa(x),Maly))- (a) 


Also since A(x) C B(0) so v4(x) > vp (0) and va(y) > vp(0) and v4(x*y) > vg(0) = vp(0«0) 
for all x,y € Y. Thus 


C( ,0), Vax B(Yy,0)) 
= C(C(va4(2), vB (0)), C(va(y), vB (0))) 
Cl 


therefore 
va(z*y) <C(va(z),valy)). — (b) 


Now (a) and (b) give us that A = (u4,va) € IFSUN(X). 


Proposition 3.10. Let A = (f14,v4) € IFS(X) and B = (up,vp) € IFS(Y). If 
Ax B = (taxB,VaxB) € IFSUN(X x Y) and B(x) C A(O) for alla € Y. Then B= 
(up,VvB) © IFSUN(Y). 


Proof. The proof is similar to Proposition 3.9. 


Proposition 3.11. Let A = (#a4,va) € IFS(X) and B = (up,vp) € IFS(Y). If 
Ax B = (taxp,VaxB) € IFSUN(X x Y), then either A = (wa,va) € IFSUN(X) or 
B= (up, VB) E IFSUN(Y). 


Proof. From Proposition 3.8 we have A(0) D B(y) for all y € Y or B(O) D A(x) for all 
x € X. Now using Propositions 3.9 and 3.10 we get that either A = (u4,v4) € IFSUN(X) or 
B= (up, VB) E IFSUN(Y). 
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Proposition 3.12. Let A = (44,v4) € IFSUN(X) and B = (up,vp) € IFSUN(Y). 
Then Ax B= (waxp,Vaxp) € IFSUN(X x Y) of and only if waxe € FSUT(X x Y) and 


Proof. The proof is similar to Proposition 3.3. 


Proposition 3.13. Let A = (a,va) € IF'S(X) and B = (uwp,ve) € IFS(Y). Then 
A = (pa,Vva) € IFSUN(X) and B = (ue,vg) € IFSUN(Y) if and only if U(A x B) = 
(axes tae) € IFSUN(X x) and (Ax B) = (Vazn.vaxn) € IFSUN(X XY). 


Proof. The proof is similar to Proposition 3.4. 
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Abstract Let n> 1 be an integer, (40° (n)) is a multiplicative function. In this paper, we 
shall study the mean value of exponential divisor function (40° (n)) over cube-full number, 


that is P 7 
YS WO) = LL Am)’, 


n<ax n<au 
n is cube-full .* 


where f3(n) is the characteristic function of cube-full integers, i.e. 


1, nis cube-full; 


0, otherwise. 


Keywords Dirichlet convolution, mean value, cube-full number, divisor function, residue theorem. 


2010 Mathematics Subject Classification 44A35, 11H60, 11N37. 


81. Introduction 


Let n > 1 be an integer of canonical form n = pj! ps? --- pa". The integer n is called a k-full 
number if n = pi'ps?--- par, where a1 > k,ag >k,--- ja, > k. Let fx(n) be the characteristic 
function of k-full integers, i.e. 


Ly 
fx (n) = 


0, otherwise. 


n is k -full; 


An integer n = [[j_, p%’ is called exponentially k -free if all the exponents a;(1 < i < r) 


are k-free, i.e. n is not divisible by the k-th power of any prime (k > 2). So let q(n) denote 


the characteristic function of exponentially k-free integers. 


Obviously the function qo? (n) is multiplicative, and for every prime power p® there are 


(0) = a® (p?) = 4 (»?) =... =a (p?*-") = 1,4)? (v”") =0. 


The properties of the exponential divisor function qo (n) have been studied by many 
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authors. L. Toth [5] proved the following result: 
S- gq? (n) = Dyx + O (21/2 6(2)) 


where 


b= TH (1+ 3 an(a ated), 


a=2k 
qz(n) denoting the characteristic function of k-free integers. 


In this paper, we will study the mean value of function (a.° (n)) over cube-full number. 
Theorem 1.1. For some D > 0, 


e CG) Gla hGAg) 
SE (dey Wes , et 


n is cube-full 


+0 etex»(-Deon=}t0ags)!). 


cH) 


which is absolutely convergent for kts > 3: 


where 


Notation Throughout this paper, € always denotes a fixed but sufficiently small positive 
constant. 


§2. Some lemmas 


In order to prove our theorem, we need the following lemmas. 
Lemma 2.1. 


A(3,4,5;2) << gi log? x. 


Proof. The proof of this bound depends on the theory of two-dimensional exponent pairs. 


Lemma 2.2. Suppose f(n) is arithmetical function, and satisfy 


n<a j=l 
S— |f(n)| = O (x log” 2), (1) 
n<ux 
here a1 > a2 > ++: >a, > Ife >a>O0,r > 0,Pi(t),--- , P(t) are polynomials on t whose 


degree are not exceed r, and c>1,b > 1 are fixed integers. 
Suppose for Rs > 1,we have 


 o(n) 1 
fe = BG)’ ew 
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if 
h(n) = $2 wo(d)f (n/a°), (3) 
d¢|n 
then 
l 
So h(n) = S32 R, (loge) + Ee(e), (4) 
nx j=l 
here Ri (t),--- , Ri(t) are polynomials on t whose degree are not exceed r, and for some D > 0, 
E,(2) < «1° exp ((—D(og x)°/5 (log log aye) : (5) 
Proof. If b = 1, see theorem 14.2 in A. Ivié [1]. If b > 2, it can be proved in the same method. 
Lemma 2.3. Let s =o + it is a complex number, then we have 
(e) (n) " 
p> Tk = ¢(3s)¢(4s)¢ (5s) (6) 


ns ¢(8s) 


n= 
n is cube-full 


where the Dirichlet series G(s) = [[, (1 ae 


Proof. Let 


n is cube— full 


here 


n is cube-full ; 


0, otherwise . 


99 


sr +:: .) is absolutely convergent for kts > 3 
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From (a? (n)) is multiplicative we have for Rs > 1, we have 


is cube full = 
(A? fi) — (4? ©) fs @))- 
_ + s ps 
Pp 
(a? (p3) fs (r°)) (4° Cas fs (»?"-*)) 
+ pes 2 pels 
1 1 1 1 
“Ul (1 ps * pts ps sa | 
1 1 1 1 1 
=¢(3s) II (1 a ps 1 ps p's p2*+1)s a 
1 1 i 1 1 
=C(3s)¢(4s) II (1 T, prs pes ps pk* pakts oo. -) 
1 41 
=¢(88)¢(48)¢(69)T] (1- Se - ge +) 
II ps p? 
_ ¢(38)¢(48)¢ (5s) ( Ty ) 
= zis) II 1 pT 
_6(38)6(48)6(58) 147, 
Gea 


where G(s) =], (1 — a +: -) , and it is absolutely convergent for o > § +. 


§3. Proof of Theorem 1.1 


Now we prove Theorem 1.1. 


Proof. From Lemma 2.3, we have known that 


ns ¢(88) 


(e) u 
cee (n) s)C(4s)C(5s 
F(s) = S- («i ) ¢(3 )¢(4 )¢(5 das), 


=1 
n is cube— full 


where G(s) is absolutely convergent for 0 > 5 +€. 


Define “3 
G(s) := S- an) 


and 


H(s) == ¢(38)¢(4s)¢(5s)G(s) = S~ 2 = 2n=ml ae aang). (Rs > 1) 
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where 


h(n) = S~ d(3,4,5;m)g(). 
n=ml 


Then we can get 


Yo h(n) = YE 43,4,5;m)g(1) = S790) SY d(3,4,5;m). 
n<u mi<a l<a Mt 
From Perron’s formula, Residue theorem and Lemma 2.1, we can get 


Saran) (—)oto< (2) (Se os) c(—)et rasa 


= (7) 
4 5 3 5\ 2 3 AN 2 22 
eels )e(s) ee) eels) els) etl) 
Then from (7) and Abel integral formula, we have the relation: 


EH Eo [Ge] +6) 


n<ux 


Ole 


wy 


(5) (5) ¢ 


9 (6°) LE Sts , Hee 1 lee 1 


3 
5 


IN 


n<a 
n is cube-full 


+O (x8 exp (—D(log.x) (log log«)~#)) , 


where D > 0 and G(s) = [I, (1 - a +: -) is absolutely convergent for Rs > Z. 


Now we have completed the proof of Theorem 1.1. 


101 


102 Ruiyang Yue No. 1 


Acknowledgements 


The authors express their gratitude to the referee for a careful reading of the manuscript 


and many valuable suggestions which highly improve the quality of this paper. 


References 


1] A. Ivié. The Riemann Zeta-function. John Wiley and Sons, 1985. 


bo 


A. Ivié. The Riemann zeta-function: theory and applications. Oversea Publishing House, 2003. 


ww 


M. V. Subbarao. On some airthmetic convolutions. in “The Theory of Arithmetic Functions”, 
Lecture Notes in Mathematic, Springer, 251 (1972), 247 — 271. 


4| E. C. Titchmarsh. The theory of the Riemann Zeta-function (revised by D. R. Heath-Brown), 
Oxford university Press, 1986. 


5] L. Toth. On certain arithmetical functions involving exponential divisors. Ann. Univ. Sci. Bu- 
dapest. Sect. Comput 24 (2004), 285 — 294. 


6] L. Téth. On certain arithmetical functions involving exponential divisors. Ann. Univ. Sci. Bu- 
dapest. Sect. Comput 27 (2007), 155 — 166. 


7| J. Wu. Probleme de diviseurs exponentiels at entiers exponentiellement sans facteur carré. Théor 
Nombres Bordeaux 7 (1995), 133 — 141. 


102 


Scientia Magna 
Vol. 16 (2021), No. 1, 103-109 


On some Somos’s 77-function identities of level 27 
and their partition interpretations 


G. Sharath 


Department of Mathematics, Vidya Vikas First Grade College 
Mysuru, INDIA 
E-mail: sharathgns@gmail.com 


Abstract Micheal Somos in his recordings has discovered round 6200+ 1-function identities 
of different levels using computer and has offered no proofs for them. These identities are akin 
to the ones established by Srinivasa Ramanujan. Motivated by these, in this paper, we give 
proofs of nine Somos’s 7-function identities of level 27 and establish certain partition theoretic 
interpretations of these. 
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§1. Introduction and preliminaries 


Let 7 be a complex number satisfying Im(r) > 0 and let g = e?'7. The Dedekind 7- 
function is defined by 


n(r):=a" [[JG-4"), @eC, |d<h 


We denote 


f(-q) =? n(r) and fn = f(—4"). 
In his Notebooks [12], Ramanujan recorded without proofs 25 beautiful 7-function identities, 
proofs of all these identities can be seen in [4]. These 7-function identities play a very important 
role in evaluations of class invariants, continued fractions and ratios of theta functions. See for 
example [1,5,6, 10,11, 13, 20-22, 24]. 


A n-function identity which relates fi, fn,,fn. and fn (where n = ning) is called a 7- 
function identity of level n. M. Somos [14] in his recordings has obtained around 6200+ 1- 
function identities of different levels using computer and has offered no proofs for them. Recently 
many mathematicians, for example B. Yuttanam [25], K. R. Vasuki and R. G. Veeresha [23], 
B. R. Srivatsa Kumar et. al. [15-19], E. N. Bhuvan [7] have obtained proofs for levels 6, 8, 
10, 12, 14, 16 and 21. Motivated by these, in Section 2 of this paper, we derive proofs of nine 
y-function identities of level 27 recorded by Somos. Further in Section 3 of this paper, we 


establish combinatorial interpretations for these results. 
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§2. Somos’s identities of Level 27 


In this Section, we prove nine 7-function identities of Somos’s of level 27. First, we state 
a Lemma employing which proof of the said identities shall be established. 


Lemma 2.1. /2/ If x and y are defined by 
fi 


w= and =, 
a fo af27 


Ute on “ 
+ 9(x? + y®) + 243 (2+) +81=(2) rae ¢ 


Theorem 2.1. /14/] If x and y are as defined in Lemma 2.1, then we have 


1(fs\* _ y3(3 +23) 
(#) yp t+9 - ¥) 


Proof. From [12, p. 366] [3, Entry l(iv), p. 345] we have 


1 
fi ( 3 ) 
pth | OF 
af eye 


Multiplying the above identity throughout by #2 , we obtain 


rf ty bol ly 
a +4 at BR 


= A, (270° 8 7B p+1) 


5 ( oe), 
ats ule £3 8) 


where in the righthand side we have employed the identity [3, Entry 1(iv), p. 346] 


re 12 3 
14 ut = (14270f) 
“fi i 


after changing g to q?. Now, employing the definition of x and y as in Lemma 2.1 in (3), we 


immediately deduce the required result. 


Remark. We note that Theorem 2.1 is equivalent to : 
fifo + 3af9 — £3 — 90° fafay = 0. 
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Theorem 2.2. /14/ We have 


ffs +810" fi fafo far + 9afi fs fo — f3° = 0. 


Proof. Dividing (1) throughout by y°(3 + x)? and after rearranging the terms, we obtain 
3 3 3 3 2 34 7 
ey ee ae aly ngph (cates £36, 
PR) Te Er) POF) 
where x and y are as defined in Lemma 2.1. Now using (2) in the above identity, we arrive at 
12 3 8 8 
9 3( fo gu fo 2 3( fo 
xq + 81q ( ) Loy (# ) —1=0. 
G ) y? \fs fs 


Next, employing the definitions of x and y in the above and then simplifying we find that 


AE ag iD roils 1=0. 


12 
3 3 3 


Multiplying the above identity throughout by f3?, we arrive at the required result. 


Theorem 2.3. /14/ We have 


FESS fo far + 270° f3 for + 308 fo for — fo? = 0. 


Proof. Dividing (1) throughout by (y? + 9)° and after rearranging the terms, we deduce that 


x? (y3(3+23) * 27 y3(3 + 23) ore 3 (y2(34+23)\7 ia, 
y? y2+9 y? y+9 y? y>+9 rt 


Using (2) in the above identity, we obtain 


x (£) 27 (£)" ised (2) ag 
ye \ fo ya \ fo ya \ fo 
Next, employing the definitions of x and y in the above and then simplifying we see that 


EGE 21g Le 13 life 1-0. 


Multiplying the above identity throughout by f3?, we deduce the required result. 


Theorem 2.4. /14/ We have 


f2f3 fo + 243q° f3 for + 3af3 fo + 819° f§ for — 3° — 90° fo” =0 
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Proof. Dividing (1) throughout by (y? + 9), sorting and clubbing the terms, we obtain 


3 (¥B+2) 243 y3(3 + 2) a y(3+2%)\" 81 (y3(84+2%)\* 
y? ye +9 ye +9 "6 y+9 


Next, employing (2) in the above and using the definitions of « and y, we arrive at 


3 £8 3 £9 8 6 £6 12 
a 94399 f3/27 3q28 + gigs fas27 3 9=—0. 
9 


fg? ; fo? fy? 
Now, multiplying throughout by q? fj? in the above identity, we obtain the required result. 


Theorem 2.4. /14/ We have 


Fi fs + 243q° fa fs fer + 270° 3 f5 + 9afi fs — £37 — 81g" fo” = 0. 


Proof. Dividing (1) throughout by (y?+9)? and then by proper rearranging of terms, we deduce 
that 


243 x3 3 3(2 4 3 3(3 3)\3 
gi OU Ep SED) og a EA) | = i iy. 
yy yt yi+9 yr+9 
Now employing (2) and the definitions of 2 and y in the above, after some simplification we see 


that 


9 3 4 6 12 
fi | 243q° Lifer a7q?t8 + 9qh 3 _81=0. 


: 6 12 
9 fo fo 9 9 


Next, multiplying the above identity throughout by q? fj”, we obtain the required result. 


Remark. We omit the proof of the following four identities as the proofs are similar to 


the previously established results 
3 +2 F7 fo +3 F7 £3 fot 9aF? fo —18aF 7 £3 fo —2430° f2 £3 fo for —6 Ft f3. £9 = 0, 
FR S345 for +540" £3 fo for + OF fg a7 —f9° —540° f3 a7 -90° fa. F790" F3 for = 9, 
PAS Lo +38af3" fo +9aF7 £3 fo —f3° —2430° f? fs.fo far —3a ft fg = 0 


and 
FESS fofar +270 £3 fart 3af5°— 3 f5° —270° f3 fg for —-814' F 3.5 for = 0. 
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§3. Application to Colored Partitions 


In this Section, we extract partition theoretic interpretation of Theorem 2.1 proved in 
Section 2. Partition interpretation of other identities follow in the same way. 


Following [8,9], we define the concept of colored partitions by : ‘A positive integer n has k 
colors if there are k copies of n available colors and all of them are viewed as distinct objects’. 


Partitions of positive integer into parts with colors are called colored partitions. 


Further, we adopt the standard notation 


n 


(a1, @2,+++ ,An;Q)oo := | | (ak; 4G) x0 
k=1 


and define 


roo 


oP so = (ee Jeo, (4) 


where r and s are positive integers and r < s. 


Theorem 3.1.. Let A(n) be the number of partitions of n being divided into parts congru- 
ent to +3,+6,+12 modulo 27 with 1 color each. Let B(n) indicate the number of partitions of n 
, #2, +3, +4, +5, +6, +7, £8, +10, +11, +12, +13 modulo 
27 with 3, 8, 4, 8, 3, 4, 3, 3, 8, 3, 4 and 3 colors respectively. Let C(n) be taken to represent the 
number of partitions of n into several parts congruent to +1 , £4, +5, +7, +8, +10, +11, +13 
modulo 27 with 8 colors each. If D(n) stands for the number of partitions of n into many parts 
that are congruent to +1, £2, +3, +4, +5, +6, +7, +8, +9, +10, +11, +12, +13 modulo 27 
with 8 colors each. Then the following relation holds true: 


being split into parts congruent to +1 


’ 


A(n) + 3B(n — 1) — C(n) — 9D(n — 3) = 0, n> 3. 


Proof. On dividing the identity in Theorem 2.1 by f? f#f33,, simplifying and then employing 
(4), we obtain 


1 3q 
| 
I 4 7 
(yar ay a eet Was as ae ed ge ee ody pd a gs 
1 
7 
(G57 305 905 20s 5604 Oe 50a. Gy 38s 3 es 
9q3 
5 =0. 


1 2 3 4 6 7 8 9 10 11 12 13 
(ge 05 305 4 de 305 Gs 3s 305 6a 0g ds. Ga es 0 as 


We see that the above identity generates A(n), B(n),C(m) and D(n) as generating functions 
and hence we have 


S> A(n)q” + 3q 5° Bing” — S$ C(n)q” - 90° $5 D(njaq” = 0, 
n=0 n=0 n=0 


n=0 
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where we set the values A(0) = B(0) = C(0) = D(0) = 1. Now on equating the coefficients of 
q” 


in the above, we obtain the required result. 


We verify the case for n = 3 for Theorem 3.1 by the following table: 


Table 
A(3) =1 Lo 
POO" Oi de 2), An ste ig et eC Mesh A ts 
OB S10") 2a i Dp Dated Oe a Pee De la at 
pa Fre ea re ves exe om i Pree Fe OL ee 2 De 
ier oa Tee on Vers Phe tag eat Dae a En Bre ote a 
Igy Dia et Pete Pate te ee 
D(0) =1 1, 
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Abstract Let n > 1 be an integer. $‘°(n) is a multiplicative function. The integer d = 
TT; p. is called an exponential divisor of n = []j_, p;*, if bia; for every i € {1,2,--- ,s}. Let 
© (n) denote the number of divisors d of n such that d and n have no common exponential 


divisors. The aim of the paper is to establish a short interval for r—-th power of the function 


© (n) for any fixed integer r > 1. 


Keywords The exponential divisor function, arithmetic function, short interval. 


2010 Mathematics Subject Classification 11E45, 11A25. 


81. Introduction 


Let n > 1 be an integer. For n = []}_, p#' a; > 1(1 <i <r), denote by 6 (n) the number 


a 


of integers [[}_, p{* such that 1 < ¢; < a; and (c,a;) = 1 for 1 <i <r, and let (1) = 1. 
Thus ¢)(n) counts the number of divisors d of n such that d and n are exponentially coprime. 


It is easy to see that ¢{)(n) is a prime independent multiplicative function and for n > 1, 


p(n) = II (ai), 


where ¢ is the Euler-function. 


(1) 


Throughout this paper, ¢ always denotes a fixed but sufficiently small positive constant. 


Liu [3] got the following result: 


> Gn) = Cy) + Or + 2%) 
a<n<at+y 
where C = G(1)¢(3)¢7(5) is a constant. 
In this paper, we shall prove the following short interval result. 
Theorem 1.1 If 25+® <y <2, then we have 


S> (GO (n))" = Ary + Oat ++ F), 
a<n<at+y 


where A, = Ress=iF (s) and F(s) := S7°° Cea) 


n=1 ns 


(2) 
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§2. Some lemmas 


In order to prove our theorem, we need the following lemmas. 
Lemma 2.1. For r > 1, then we have 
SS. (p6) (n))" =i 
P(s) = EO" = (135) H(8), 


ns 
n=1 


where the infinite series H(s) := 37°, hn) is absolutely convergent for Rs > ¢. 


Proof. By Euler’s product formula, we can get 


> (GO(n))” _ Ul (1 (9 (p))” in (9) (p?))" ir (g0(p?))” Sie :) 


=| ns : ps ps pes 
1))” 2))" 3))" 4))" 
= TT (1+ CO» CON , Woy" , CN"... 
_ re de ye SE at ge ee a (4) 
a II (1 . ps + pes ; ps : pss : prs ' ) 
27-1 4" —2? 
=) [IT (1+ — -) 


= ¢(s)¢?"~*(3s)H(s), 


where the infinite series H(s) := S77, h(n) is absolutely convergent for Rs > ¢. 


Lemma 2.2. Let k > 2 be a fixed integer. 1 < y < x be large real numbers and 


B(x, y;k,e) = S- 1, 


then we have 


Bia, ysk,e) Kyu e+ x2 log x. (5) 


Proof. This lemma is very important when studying the short interval distribution of k-free 


number, see in [4]. 


Let ai(n), a2(n) be arithmetic functions defined by the following Dirichlet series (for Rs > 


1): 
eS ay(n) /_ 
ee = S(8)H(s), (6) 
= a(n) fot Dp 
ae = 07188). (7) 


Lemma 2.3. Let a,(n) be arithmetical function defined by (6), then we have 


S- ay(n) = Aya + O(x5t®), 


n<u 


where A; = Ress=1¢(s)H(s). 
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Proof. Using Lemma 2.1, it is easy to see that 


n<ux 


Therefore from the definition of h(n) and (6), it follows that 


Sams > tS het 


n<u mk<a k<ax Mz 
; (9) 
= So AE)E + 0(1)) = Are + O(@***), 
k<a 


where A; = Res,—\¢(s)H(s) 


§3. Proof of the theorem 
From Lemma 2.3 and the definition of a;(nm) and ag(n), we get 


¢(n))” = a a1 (71) a2(n2) (10) 


n=nn3 
and 
ai(n) Kn ,a2(n) <n*. (11) 
So we have 
» (go (n))" = iS a1 (ny )a2(n2) 
v<nsat+y v<nins<at+y (12) 
=) +0()): 
1 2 
where 
> = a2(n2) ss a,(n1), 
1 n2g<né x, <ny< ety 
mo Koy] 
and 


By Lemma 2.3 we get 


= A,-y + O(y oz al) 4 oft S- a2(n2) (14) 


-eE 


= A,y + O(ya®) + O(n? **a8) 


Vol. 16 A short interval for the function (¢[©) (n))” 113 


where A, = Res;=1F(s). For )>, we have by Lemma 2.2 and (11) that 


ye < S- (ny n2)° 


a<nyn3<aty 
ng>xe 


< ae 1 
bs 


3 
a<nyn3Saty 
haat (15) 


<a (ya = + x? log x) 


Now our theorem follows from (12)—(15). 
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